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Teimuraz nadareiSvili

amocanaTa krebuli kvantur meqanikaSi

mocemuli amocanaTa krebuli gankuTvnilia zusti da
sabunebismetyvelo fakultetis fizikis mimarTulebis
studentTaTvis da moicavs ararelativisturi kvanturi meqanikis
(kvanturi meqanika I) TiTqmis yvela ZiriTad sakiTxs. krebulSi
Sesulia 604 sxvadasxva sirTulis amocana, romelTagan rTul,
varsklaviT aRniSnul amocanebs aqvT miTiTebebi. TiTouel Tavs
gaaCnia mokle Sesavali Teoriuli nawili, sadac Tavmoyrilia
amocanebis amoxsnisaTvis aucilebeli formulebi. krebuls aqvs
damatebac, romelSic didi nawili ukavia specialuri funqciebis
Teoriis elementebs, rac aseve aucilebelia amocanebis
amoxsnisaTvis, radganac kvanturi meqanikis bevri amocana swored
am funciebis Sesabamis diferencialur gantolebebze dadis.
wigni qarTul enaze am tipis amocanaTa krebulis Seqmnis

pirveli mcdelobaa. amitom SesaZloa igi dazRveuli ar iyos
zogierTi xarvezisagan. avtori madlobeli iqneba yvela amgvari
xarvezis miTiTebisaTvis, romelTac igi gaiTvaliswinebs
momavalSi ufro srulyofili da Sevsebuli krebulis
gamocemisas.
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Tavi 1 operatorebi kvantur meqanikaSi

ZiriTadi cnebebi da formulebi

kvanturi meqanikis maTematikuri aparati mWidrodaa
dakavSirebuli wrfivi operatorebis TeoriasTan, romlis erT-
erTi ZiriTadi debulebis Tanaxmad fizikur, cdaze dakvirvebad
sidideebs Seesabamebian ermituli (TviTSeuRlebuli)
operatorebi, romlebic moqmedeben fizikuri sistemis
mdgomareobis aRmweri  talRuri funqciebis (mdgomareobis
veqtorebis) sivrceSi.

Â operators ewodeba wrfivi, Tu sruldeba piroba

  22112211
ˆˆˆ  AcAcccA  (1.1)

sadac 1c da 2c mudmivi ricxvebia, xolo 1 da 2 nebismieri

funqciebia. Â da B̂ operatorebis komutatori ase ganimarteba

  ABBABA ˆˆˆˆˆ,ˆ  (1.2)

nebismier wrfiv L̂ opearators SeiZleba SevusabamoT

ermitulad SeuRlebuli L̂ operatori, romelic ase ganimarteba

          
12121212

ˆˆˆˆ LdqqqLdqqLqL  (1.3)

(amasTan 2.1 funqciebs garkveuli SezRudvebi edeba). Tu  LL ˆˆ
maSin operators ewodeba ermituli (TviTSeuRlebuli)
operatori, Tumca zogadad operatoris ermitulobisa da
TviTSeuRlebis cnebebi ar emTxveva erTmaneTs.

f̂ opeatoris sakuTari n funqciebisa da sakuTari

nf mniSvnelobebis gantoleba ase ganimarteba

nnn ff ̂ (1.4)

n sakuTari funqciebi aRweren sistemis mdgomareobas, rodesac

garkveuli nf mniSvneloba aqvs f fizikur sidides (nebismieri

mdgomareobis dros fizikur sidides ar gaaCnia garkveuli
mniSvneloba).es funqciebi orTonormirebuli funqciebia da
adgenen srul sistemas, rac saSualebas iZleva nebismieri
mdgomareobis talRuri funqcia gavSaloT am funqciebad

 
n

nnc Y                              (1.5)

sadac

     qnnn dqqc  (1.6)

A fizikuri sididis saSualo  mdgomareobaSi Semdegnairad

ganimarteba

    qdqAqAA     ˆˆ (1.7)

Â operators ewodeba unitaruli, Tu is akmayofilebs pirobas
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1ˆˆˆˆ   AAAA (1.8)

1.1 wrfivi opratorebis Teoriis ZiriTadi debulebebi

1.1 ganixileT Semdegi operatorebi   x
a) wanacvlebis    axxTT aa ˆ:ˆ ;

b). arekvlis    xxII ˆ:ˆ ;

g). masStabis cvlilebis     0,ˆ:ˆ  ccxcxMM cc ;

d) kompleqsuri SeuRlebis    xxKK ˆ:ˆ ;
e) ori nawilakis koordinatebis gadasmis

   12211212 ,,ˆ:ˆ xxxxPP  .
arian Tu ara CamoTvlili opratorebi wrfivi? ipoveT maTi
Sebrunebuli operatorebi.
1.2. vaCvenoT, rom ori wrfivi operatoris jami (sxvaoba) isev
wrfivi operatoria.
1.3. vaCvenoT, rom ori wrfivi operatoris namravli isev wrfivi
operatoria.

1.4. aCveneT, rom
dx
d
xdx

dx
dx
d
x

21
2

22









1.5. aCveneT, rom
dx
dxx

dx
d

 1

1.6. aCveneT, rom 112 
dx
dx

xdx
dx

1.7. vimoqmedoT
2

4ˆ 





  x
dx
dA operatoriT raime  funqciaze.

1.8. vimoqmedoT
2

ˆ 





  A
dx
dB operatoriT raime  funqciaze,

sadac constA 

1.9. vimoqmedoT
2

ˆ 















zx

C operatoriT raime  funqciaze.

axseniT ratom SegviZlia 1.8 da 1.9 amocanaSi operatoris rogorc
ori wevris jamis kvadratis warmodgena, 1.7 amocanaSi ki ara.

1.10. vimoqmedoT
3

ˆ 





  x
dx
dD operatoriT raime  funqciaze.

1.11. vimoqmedoT
31ˆ 





 

xdx
dL operatoriT raime  funqciaze.
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1.12. vimoqmedoT 2
2

2
ˆ x
dx
dA  da

2
ˆ 






 x
dx
dB operatorebiT Semdeg

funqciebze a) xcos da b) xe

1.13. SeadareT erTmaneTs
2

ˆ 






dx
dxA da

2
ˆ 






 x
dx
dB operatorebi.

1.14. aiyvaneT kvadratSi  rAiL 
 ˆ operatori.

miTiTeba: gamoiyeneT toloba  AdivAA



1.15. vipovoT Semdegi operatorebi

a)  Iia ˆexp ;  b)







dx
daxLa expˆ

cxadi saxiT,sadac a namdvili parametria, xolo Î -arekvlis
operatoria.

miTiTeba:  fFF ˆˆ  saxis operatori (funqcia operatorisa), sadac

 zF funqciaa z -is, (romelic iSleba teiloris mwkrivad

  
n

n
n zczF ) unda gavigoT, rogorc operatori 

n

n
n fcF ˆˆ .

isargebleT am ganmartebiT.

1.16. vipovoT operatori, romelsac  x gadahyavs  ax  -Si.

1.17. vipovoT operatori, romelsac  r gadahyavs  ar 
 -Si.

1.18. vipovoT operatori, romelsac   gadahyavs    -Si,
sadac  kuTxuri cvladia (sivrcis mobrunebis operatori
 kuTxeze).

1.19. Tu Â da B̂operatorebia, iqneba Tu ara erTmaneTis toli

ori operatori  BA ˆˆsin  da  AB ˆˆsin 

1.20.davamtkicoT, rom      CABCBACBA ˆ,ˆˆˆˆ,ˆˆˆ,ˆ 

da      BCACBACBA ˆˆ,ˆˆ,ˆˆ,ˆˆ 


1.21. davamtkicoT, rom samarTliania iakobis igiveoba

         0ˆ,ˆ,ˆˆ,ˆ,ˆˆ,ˆ,ˆ  ACBBACCBA
1.22. vaCvenoT, rom jamis komutatori tolia komutatorebis
jamis anu sruldeba toloba

   






ki
ii

i k
ki BABA

,

ˆ,ˆˆ,ˆ

1.23. vipovoT komutatori x da laplasis operatorebs Soris.
1.24. L̂da M̂ operatorebi akmayofileben pirobas 1ˆˆˆ  LMML


.

vipovoT A LMMLA ˆˆˆˆ 22  .

miTiTeba: Â -s davumatoT da davakloT MLM ˆˆˆ wevrebi da miRebuli
gamosaxulebis sxvaobebSi marcxniv da marjvniv frCxilebs

gareT gavitanoT M̂ .

1.25.. L̂da M̂ operatorebi akmayofileben pirobas 1ˆˆˆ  LMML


.

vipovoT A    LfMMLfA ˆˆˆˆˆ  .
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1.26. mocemulia ori operatori
dx
dxL nˆ da mx

dx
dM ˆ . daadgineT

n -is da m -is ra mniSvnelobebisaTvis komutireben es
operatorebi.

1.27.davamtkicoT, rom Tu   1ˆ,ˆ BA , maSin sruldeba Semdegi

tolobebi a)   BBA ˆ2ˆ,ˆ 2  ; b)   23 ˆ4ˆ,ˆ BBA  ; g)    ABBABA ˆˆˆˆ2ˆ,ˆ 22 

1.28.cnobilia, rom 2
2

2
1

2 ˆˆˆ AAA  . daamtkiceT, rom Tu 1Â da 2Â
operatorebi komutireben B̂ operatorTan, maSin masTan

komutirebs 2Â operatoric.

1.29. Âoperatori komutirebs B

da ĈoperatorebTan. SeiZleba Tu

ara aqedan davaskvnaT, rom B

da Ĉoperatorebi komutireben?

1.30.vaCvenoT, rom Tu Âda B̂operatorebi komutireben sakuTar
komutatorebTan anu      BABBAA ˆ,ˆ,ˆˆ,ˆ,ˆ  , maSin  Aa)  BABnBA nn ˆ,ˆˆ]ˆ,ˆ[ 1

da b)  BAAnBA nn ˆ,ˆˆ]ˆ,ˆ[ 1 , sadac n mTeli ricxvia

1.31.vaCvenoT, rom Tu Âda B̂operatorebi komutireben sakuTar

komutatorebTan anu      BABBAA ˆ,ˆ,ˆˆ,ˆ,ˆ  , maSin sruldeba toloba

      BFBABFA ˆˆ,ˆ,ˆ 


sadac  xF  aRniSnavs  xF funqciis warmoebuls.
miTiTeba: jer isargebleT induqciis meTodiT da aCveneT, rom

  1ˆˆ,ˆ]ˆ,ˆ[  nn BBAnBA da Semdeg  xF funqcia gaSaleT teiloris
mwkrivad.

1.32.raime  parametrze damokidebuli  M̂ operatoris

warmoebuli am parametriT Semdegnairad ganimarteba

     








AA
d
Ad ˆˆˆ

lim
0





am ganmartebis safuZvelze aCveneT, rom

 
 d
BdAB

d
AdBA

d
d ˆˆˆˆˆˆ 

miTiTeba: gamoiyeneT warmoebulis ganmarteba da mricxvelSi

daumateT da daakeliT     BA ˆˆ  wevri
1.33.wina amocanaSi miRebuli Tanafardobis gamoyenebiT,
daamtkiceT, rom

  111 ˆˆˆˆ   A
d
AdAA

d
d


miTiTeba: gaawarmoeT 1ˆˆ 1 AA toloba.

1.34daamtkiceT, rom Â da L̂operatorebisaTvis samarTliania
Semdegi Tanafardoba

        ...ˆ,ˆ,ˆ,ˆ
!3
1ˆ,ˆ,ˆ

!2
1ˆ,ˆ

!1
1ˆˆ ˆˆ ALLLALLALAeAe LL 

miTiTeba: ganixileT s parametrze damokidebuli  sÂ operatori

  LsLs AeesA ˆˆˆ 
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da ganixileT misi pirveli da maRali rigis warmoebulebi
 parametriT.

1.35. vaCvenoT, rom Tu Âda B̂operatorebi komutireben sakuTar
komutatorebTan anu      0ˆ,ˆ,ˆˆ,ˆ,ˆ  BABBAA , maSin samarTliania

veilis toloba

 BABABA eeee
ˆ,ˆ

2
1

ˆˆˆˆ 
miTiTeba: ganixileT operatori

  sBsA eesT ˆˆˆ 
gaawarmoeT es operatori s parametriT da gamoiyeneT 1.30amocanis
Sedegebi.

1.36. vaCvenoT, rom Âda HeB ˆˆ  operatorebisaTvis sruldeba
Semdegi toloba

     


 
0

ˆˆˆˆ ˆ,ˆ,ˆ deHAeeeA HHHH

miTiTeba: gamoiyeneT is faqti, rom dasamtkicebeli tolobis
marcxena da marjvena mxareebi tolia 0 -Tvis da aCveneT, rom

am tolobis marcxena da marjvena mxare erTnair pirveli rigis
diferencialur gantolebas akmayofileben.

1.37. CaTvaleT  mcire parametrad da ipoveT

  1ˆˆ 
 BA  operatoris gaSla am parametris mixedviT.

miTiTeba: dawereT operatoruli toloba

  







0

1 ˆ̂ˆˆ
n

n
nCBA 

gaamravleT is  BA ˆˆ  operatorze da ucnobi nĈ operatorebi

ipoveT miRebuli tolobis orive mxareSi  parametris
xarisxebis gatolebiT.

1.38. vaCvenoT, rom
dx
dxL ˆ da x

dx
dM ˆ operatorebi erTmaneTTan

komutireben.
1.39. gamoTvaleT Semdegi komutatorebi:

a)  2ˆ, xpx ; b)  xpx ˆ,2

1.40. gamoTvaleT Semdegi komutatorebi:

Ga)  22 ˆ, xpx b) 






 3
2

2
, x

dx
d

1.41. davamtkicoT, rom komutatorebisaTvis sruldeba Semdegi
tolobebi:

a)   
x
fixfpx 


 ,ˆ ; b)   
xp
fixfx



 ,

sadac  xf nebismieri funqciaa.
1.42. davamtkicoT, rom samarTliania Semdegi tolobebi

a)    2

2
22 ˆ2ˆ,
x
fp

x
fipxf xx
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b)    xpxx x
222 4,, 

sadac  xf nebismieri funqciaa.
1.43. aCveneT, rom hamiltoniansTvis

 xV
dx
d

m
H  2

22

2
ˆ 

samarTliania Semdegi komutaciuri Tanafardobebi

Aa)   ;ˆ, xpm
ixH 
 b)  

x
VipH x 


 ˆ,ˆ ;

g)   2

2
22 ˆ2ˆ,ˆ
x
Vp

x
VipH xx








 

1.44.aCveneT, rom hamiltoniani

 xV
dx
d

m
H  2

22

2
ˆ 

(sadac  xV perioduli potencialia    xVaxV  ) komutirebs

transliaciis  aT̂ operatorTan, romelic ase ganimarteba

     axxaT ˆ .

miTiTeba: isargebleT formuliT

           xaTxexpia
n

x
dx
da

n
ax

api

n

n
n

n
n

n
n 






 









ˆˆ
!
1

!
1 ˆ

00




1.45. davamtkicoT, rom erganzomilebian SemTxvevaSi Tu

potenciuri energia simetriulia    xVxV  , maSin 1.1. amocanaSi

ganmartebuli I inversiis operatori komutirebs hamiltonis

 xV
m
p

H x 
2

ˆ
2

operatorTan.

1.46. vaCvenoT, rom puasonis frCxili

 






  x

dx
d

dx
dxx )(sincos, 22 

sadac const , damokidebuli ar aris  -ze.

1.47. vaCvenoT, rom puasonis frCxili

 






  x

dx
d

dx
dx

dx
d )(sincos, 22 

sadac const , damokidebuli ar aris  -ze.
1.48. gamoTvaleT Semdegi puasonis frCxili

  rai 
 ,

sadac a mudmivi veqtoria.
1.49. gamoTvaleT puasonis frCxili ASemdegi operatorebisaTvis

xA ˆ ;
dx
dxB ˆ

sadac  da  nebismieri ricxvebia.
1.50. gamoTvaleT Semdegi puasonis frCxili

 






 xf
dx
d ,
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1.51. vaCvenoT, rom Tu nebismieri  funqciisTaTvis sruldeba
toloba

f,,  
maSin  da f funqciebi erTmaneTs emTxveva.

1.52. vaCvenoT, rom Tu T̂ da Ŝ operatorebi nebismieri  da f
funqciebisaTvis akmayofilebs pirobas

fSfT ,ˆ,ˆ  

maSin T̂ da Ŝ operatorebi erTmaneTs emTxveva.
1.53. vaCvenoT, rom ermituli operatorebis namravlisaTvis

sruldeba Semdegi toloba   
 ABBA ˆˆ

1.54. davamtkicoT, rom Tu Â ermituli operatoria, maSin nÂ -ic
ermituli operatoria, sadac n mTeli dadebiTi ricxvia.

1.55. davamtkicoT, rom Tu Âda B̂ ermituli operatorebi

komutireben, maSin BA ˆˆ ermituli operatoria.

miTiTeba: gamoiyeneT toloba   
 ABBA ˆˆ

1.56. vaCvenoT, rom   AA ˆˆ 
 .

1.57.vaCvenoT, rom ricxvis ermitulad SeuRlebuli mis

kompleqsurad SeuRlebuls emTxveva anu  cc

1.58.vipovoT
dx
dA ˆ operatoris ermitulad SeuRlebuli

operatori.

miTiTeba: dawereT
dx
dA ˆ operatoris ermitulad SeuRlebuli

operatoris ganmarteba integraluri saxiT da CaatareT
nawilobiTi integreba.

1.59. vipovoT n

n

dx
dA ˆ operatoris ermitulad SeuRlebuli

operatori.

1.60. vipovoT 1.17 amocanis 
a

a eT̂ operatoris ermitulad

SeuRlebuli operatori.

1.61. vipovoT 1.18 amocanis 



d
di

eT ˆ operatoris ermitulad

SeuRlebuli operatori, sadac  namdvili sididea.
1.62. davamtkicoT, rom namdvil funqciaze gamravlebis operatori
ermitulad SeuRlebuli operatoria.

1.63. vaCvenoT, rom
x

iaL



ˆ operatori ermituli operatoria,

sadac a namdvili ricxvia.
miTiTeba: gamoiyeneT ermitulobis piroba integraluri saxiT

1.64. vaCvenoT, rom  xVL ˆ operatori ermituli operatoria.
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1.65. vaCvenoT, rom 2

2

2

2

2

2

zyx 










 operatori ermituli

operatoria.

1.66. vaCvenoT, rom
dx
dx

dx
d ; da xxp operatorebi ar arian

ermituli operatorebi.

1.67. vaCvenoT, rom LL ˆˆ da LL ˆˆ operatorebi ermitulia

1.68. vaCvenoT, rom  LL̂ da   LLi ˆ operatorebi ermitulia

1.69. davamtkicoT, rom Tu Â da B̂ ermituli arakomutirebadi

operatorebia, maSin a)  BA ˆ,ˆ araermitulia b)  BAi ˆ,ˆ ermitulia.

1.70. vaCvenoT, rom Tu Ĉoperatori ermitulia, maSin  ACAB ˆˆˆˆ
operatoric ermituli operatoria.

1.71. vaCvenoT, rom Tu Â , B

da Ĉoperatorebi ermitulia, maSin

ermitulia ABCCBA ˆˆˆˆˆˆ  da  ABCCBAi ˆˆˆˆˆˆ  operatorebic.

1.72. vaCvenoT, rom nebismieri L̂operatori SeiZleba Semdegi
saxiT warmovadginoT

BiAL ˆˆˆ 
sadac Â da B


operatorebi ermituli operatorebia.

1.73. mocemulia L̂ araermituli operatori. ra SemTxvevaSi iqneba
2L̂ operatori ermituli?

miTiTeba: isargebleT 1.72 amocanis SedegiT.
1.74. vaCvenoT, rom Tu operatori ermitulia, maSin misi
Sebrunebuli operatoric ermitulia.

1.75. vaCvenoT, rom ori arakomutirebadi ermituli F̂ da

Ĝ operatorebisaTvis komutatorisaTvis sruldeba Semdegi
toloba

  DiGF ˆˆ,ˆ 

sadac D̂ ermituli operatoria.

1.2 sakuTari funqciebi da mniSvnelobebi.saSualos
cneba. proeqciuli da unitaruli operatorebi.

1.76. vipovoT sakuTari funqciebi da sakuTari mniSvnelobebi

Semdegi operatorebisa: a)
dx
dA ˆ da b)

dx
diB ˆ

miTiTeba: gaiTvaliswineT, rom sakuTari funqciebi x
zRvarSi sasrulo unda iyos.

1.77. vipovoT
dx
dxA ˆ operatoris sakuTari funqciebi da

sakuTari mniSvnelobebi  .
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miTiTeba: ganacaleT cvladebi sakuTari funqciebis gantolebaSi.

1.78. vipovoT
dx
diA ˆ operatoris sakuTari  funqciebi da

sakuTari mniSvnelobebi, Tu    axx  , sadac a mudmivaa.

1.79. vipovoT
d
diA ˆ operatoris sakuTari funqciebi da sakuTari

mniSvnelobebi.
miTiTeba: gaiTvaliswineT sakuTari funqciebis calsaxobidan

gamomdinare periodulobis Tviseba     2

1.80. vipovoT
d
dA sinˆ  operatoris sakuTari funqciebi da

sakuTari mniSvnelobebi  .

1.81. vipovoT 









d
diA cosˆ operatoris sakuTari funqciebi da

sakuTari mniSvnelobebi.

1.82. vipovoT d
dia

eA ˆ operatoris sakuTari funqciebi da
sakuTari mniSvnelobebi.

1.83. vipovoT
dx
d
xdx

dA 2ˆ
2

2
 operatoris sakuTari funqciebi.

miTiTeba: SemoiReT axali funqcia xU  da misTvis amoxseniT

sakuTari funqciebisa da sakuTari mniSvnelobebis gantoleba.

1.84. cnobilia, rom 2

2
ˆ
dx
dA  operatoris sakuTari funqciaa

xx 3cos)(  . ipoveT sakuTari mniSvneloba.

1.85. mocemulia Semdegi funqciebi axeeaxax axax ln,,,,
22 da axsin .

aCveneT am funqciebidan romeli fonqciebia sakuTari funqciebi

Semdegi operatorebisa Aa).
dx
d

; b) 2

2

dx
d

.

1.86. mocemulia funqciebi a)
2kxe ; b) 2x da g) kxkx sincos  . am

funciaTagan romelia 2

2
ˆ
dx
dL  operatoris sakuTari funqcia?

ipoveT sakuTari mniSvneloba.

1.87. vipovoT Â operatoris sakuTari mniSvnelobebi Tu misi
sakuTari funqciaa )(x Semdeg SemTxvevebSi:

a) 2

2
ˆ

dx
dA  ; xx 2sin)(  .

b) 2
2

2
ˆ x

dx
dA  ; 2

2

)(
x

ex


 .

1.88. vipovoT Âoperatoris sakuTari mniSvnelobebi Tu misi
sakuTari funqciaa )(x Semdeg SemTxvevebSi:
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dx
d
xdx

dA 2ˆ
2

2
 ;

x
xx sin)( 

1.89.  vipovoT Âoperatoris sakuTari mniSvnelobebi, Tu misi
sakuTari funqciaa

;ˆˆ
xpA   tzyetzyx

kxi

,,),,,(   .

1.90. vipovoT sakuTari funqciebi  da sakuTari mniSvnelobebi

Semdegi operatorebisa

A 2

2

dx
d

 , Tu 0,0  x da lx  -Tvis.

1.91. ipoveT saerTo sakuTari funqciebi Semdegi operatorebisa

Aa) x da yp̂ b) yx pp ˆ,ˆ da zp̂ g) xp da 2
xp

1.92. vaCvenoT, rom    cos funqcia sakuTari funqciaa












 d
d

d
dF sin

sin
1ˆ operatoris.

1.93. vaCvenoT, rom  

 sin

 funqcia sakuTari funqciaa

 d
d

d
dF 2ˆ
2

2
 operatoris.

1.94. vaCvenoT, rom   33/   e funqcia sakuTari funqciaa

22

2 62ˆ



d
dF operatoris.

1.95. mocemulia, rom  L̂ . vaCvenoT, rom  nnL ˆ , sadac n
mTeli ricxvia.

1.96. mocemulia, rom  L̂ . vaCvenoT, rom  11ˆ  L
1.97. vipovoT sakuTari funqcia da sakuTari mniSvneloba
kompleqsurad SeuRlebis operatorisa

   xxK ˆ
1.98. vaCvenoT, rom ermituli operatoris sakuTari mniSvnelobebi
namdvili sidideebia.

1.99. wrfivi L̂operatoris erT sakuTar  mniSvnelobas
Seesabameba ntalRuri funqcia anu sruldeba Semdegi tolobebi

nnLLL   ˆ;...ˆ;ˆ
2211

vaCvenoT, rom am pirobebSi n ,..., 21 funqciebidan SegviZlia

SevadginoT usasrulo raodenobis kombinaciebi, romlebic igi
sakuTari mniSvnelobebis gantolebas akmayofileben da
romelTac igive  sakuTari mniSvneloba aqvT.

1.100. vipovoT 2

22

0 2 dx
d

m
H 

 hamiltonianis sakuTari funqciebi da

sakuTari mniSvnelobebi. ganixileT ori SemTxveva: a) moZraoba ar
aris SezRuduli anu  x b) ax 0 . am SemTxvevaSi
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daadgineT ramdenjer xdeba talRuri funqcia nuli (kvanZebis
ricxvi)

1.101. ermituli f̂ akmayofilebs Semdeg pirobas A

a) 22ˆ cf  ; b) ;ˆˆ 2 fcf  g). fcf ˆˆ 23 
sadac c namdvili parametria. ipoveT sakuTari mniSvnelobebi am
operatoris.
1.102. vipovoT sakuTari funqciebi da mniSvnelobebi Semdegi

operatorisa xpf ˆˆˆ   , sadac p̂ impulsis operatoria,xolo x̂
koordinatis.
miTiTeba: amoxseniT sakuTari mniSvnelobebis diferencialuri
gantoleba.

1.103. ermitul f̂ operators aqvs N gansxvavebuli sakuTari

mniSvneloba. aCveneT, rom Nf̂ operatori wrfivad gamoisaxeba
1,...ˆ,1̂ Nff operatoris saSualebiT.

miTiTeba: aCveneT, rom     NffffffG  ˆ...ˆ
21


operatoris

moqmedeba nebismier funqciaze iZleva nuls anu 0G , ris

dasamtkicebladac funqcia gaSaleT f̂ operatoris sakuTar
kf

funqciebad 



N

k
fk

1
 .

1.104. LBA ˆ,ˆ,ˆ operatorebi akmayofileben Semdeg komutaciur

Tanafardobebs:       0ˆ,ˆ,0ˆ,ˆ,0ˆ,ˆ  BALBLA . vaCvenoT, rom L̂
operatoris mniSvnelobebs Soris aucileblad iqneba
gadagvarebuli mniSvnelobani.

1.105. A mdgomareobaSi sistemas gaaCnia gansazRvruli

mniSvneloba A sididis. aqvs Tu ara am mdgomareobaSi

gansazRvruli mniSvneloba B sidides, Tu cnobilia, rom Â da

B̂operatorebi a) ar komutireben ; b)komutireben
1.106. mdgomareobaSi, romelic aRiwereba ab talRuri funqciiT,

A da Bfizikur sidideebs gaaCniaT garkveuli mniSvnelobebi. ra
SeiZleba iTqvas am sidideebis sakuTar a da b mniSvnelobebze,

Tu cnobilia, rom Â da B̂opeatorebi antikomutireben
erTmaneTTan.
1.107. davamtkicoT, rom ermituli operatoris sakuTari
funqciebi orTonormirebulia
1.108. davamtkicoT, rom orTogonaluri funqciebi wrfivad
damoukidebelni arian.
miTiTeba: dawereT wrfivad damokidebulobis toloba da
orTogonalobis gamoyenebiT aCveneT, rom yvela koeficienti am
tolobaSi nulia.E

1.109. ipoveT Semdegi araermituli operatoris
dx
dxf ˆ sakuTari

funqciebi da mniSvnelobebi. ra gansxvavebaa ermituli
operatorebis SemTxvevisagan?
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1.110. ipoveT Semdegi araermituli operatoris
dx
dxf ˆ sakuTari

funqciebi da mniSvnelobebi. ra gansxvavebaa ermituli
operatorebis SemTxvevisagan?

1.111. 1 da 2 normirebuli funqciebia, romelTac erTi da igive
sakuTari mniSvneloba Seesabameba. cnobilia, rom

  ddx21
sadac d namdvili ricxvia. vipovoT 1 da 2 funqciebis
normirebuli wrfivi kombinacia, romelic orTogonaluri iqneba

a) 1 -is b) 21   -is.

1.112. nawilaki moZraobs  bx ,0 intervalSi da misi talRuri

funqciaa    xbaxx  ; vipovoT nawilakis koordinatisa da
kinetikuri energiis saSualo.

1.113.gamoTvaleT nawilakis impulsis saSualo xp Tu misi

talRuri funqciaa a) ;ikxe b) kxcos ; g)
2axe . yvela SemTxvevaSi

  ,x .
1.114. davamtkicoT, rom erTganzomilebian SemTxvevaSi impulsis
saSualosaTvis samarTliania formula

 







 



dx
dx
d

dx
dipx


2


1.115. davamtkicoT, rom diskretuli speqtris stacionalur
mdgomareobebSi nawilakis impulsis proeqciis saSualo
mniSvneloba nulia

miTiTeba: gamoiyeneT 1.43 amocanaSi damtkicebuli   xpm
ixH ˆ, 


Tanafardoba.
1.116. drois garkveul momentSi nawilaki imyofeba mdgomareobaSi

  2

2

a
xikx

Aex



sadac A da a mudmivebia. vipovoT x da xp .

1.117.sistema imyofeba mdgomareobaSi, romelic aRiwereba

normirebuli  x talRuri funqciiT da is SeiZleba gaiSalos

ermituli Âoperatoris sakuTar funqciebad anu    
k

kk xcx  .

CaTvaleT, rom  xk funqciebi normirebulia erTianze.

a) miiReT gamosaxuleba, romelic gansazRravs kc koeficientebs.

b) aCveneT, rom saSualo mniSvneloba tolia


k

kk cAA 2

sadac kA sakuTari mniSvnelobebia Âoperatoris. ra fizikuri

azri aqvs
2

kc -s.

1.118. nawilakis talRur funqcia gausis ganawilebas emTxveva
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   2axAex  
sadac aA, da  dadebiTi namdvili mudmivebia. normirebis

pirobidan ipoveT A . aseve ipoveT x , 2x da x
miTiTeba. am da qvemoT moyvanil ramdenime amocanaSi isargebleT
cxrilis integralebiT, romlebic mocemulia krebulis
damatebaSi A.
1.119. wyalbadis atomis ZiriTadi mdgomareobis talRur funqciaa

  0a
r

Aer


 , sadac 0a pirveli boris radiusia 









 2

2
0

0
4
me

a


, m

eleqtronis masaa, e eleqtronis muxti, A normirebis mudmiva.
eleqtronis birTvTan urTierTqmedebis potenciuri energiaa

r
erU
2

)(  . gansazRvreT A da potenciuri energiis saSualo

U .

1.120. mocemulia nawilakis talRuri funqcia   tix eAetx   , ,

sadac A ,  , da  -dadebiTi namdvili mudmivebia. ipoveT A , x ,

2x ,
22 xxx  da nawilakis povnis albaToba

),( xx  intervalSi. gaiTvaliswineT integralqveSa funciis

luwoba.
1.121. m masis nawilaki asrulebs erTganzomilebian moZraobas

 l,0 intervalSi. misi talRuri funqciaa  
l
xAx sin . ipoveT

A , x , xp da kE .

1.122. m masis nawilaki asrulebs erTganzomilebian moZraobas da

0t momentSi misi talRuri funqciaa  
ikx

a
x

Aex


 2

2

, sadac kA,
da a mudmivebia. ipoveT A , x , xp da kE . gaiTvaliswineT

integralqveSa funciis luwoba.

1.123. mocemulia nawilakis talRuri funqcia    


xip
xCx 0exp ,

sadac  x namdvili funqciaa. vaCvenoT, rom 0p nawilakis

saSualo impulsia mocemul mdgomareobaSi.
1.124. nawilakis mdgomareoba aRiwereba talRuri funqciiT

     










 

 2

2
00

2
exp

a
xxxip

xCx


 , sadac 0p , 0x , a namdvili

parametrebia. ipoveT x , 2x , x , p , 2p , p

1.125. 0t momentSi nawilakis talRuri funqciaa
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bxx

bxa
ab
xbA

ax
a
xA

x

,0;0

;;

;0;

0,

sadac baA ,, mudmivebia.

a) daanormireT talRuri funqcia  anu A gamosaxeT a da b -s
saSualebiT.
b) sad aris mosalodneli nawilakis povna yvelaze didi
albaTobiT 0t momentSi.
g) ipoveT nawilakis povnis albaToba a wertilis marcxniv. ras
udris es albaToba, roca ab  da ab 2 ?

d) ipoveT x .

1.126. vaCvenoT, rom saSualo mniSvnelobebi ermituli

opratorebisa LL ˆˆ da LL ˆˆ ( L̂ wrfivi operatoria) nebismier
mdgomareobaSi arauaryofiTia.
1.127. vipovoT kavSiri nawilakis koordinatisa da impulsis

saSualoebs Soris or mdgomarobas Soris, romelTa talRur 1
da 2 funqciebs Soris Semdegi kavSiria:

Aa)    axx  12 ; b)    


xip
xx 0

12 exp

1.128. ermitul  f̂ operators gaaCnia diskretuli speqtri da

damokidebulia  parametrze. davamtkicoT, rom sruldeba
Semdegi Tanafardoba

   











 ffn

sadac n indeqsiT danomrilia sakuTari mniSvnelobebi da

tolobis marjvena mxares gasaSualoeba xdeba  qn ; talRuri

funqciiT.
miTiTeba: sakuTari mniSvnelobebis gantoleba

       qfqf nnn ;;ˆ   gaawarmoeT  parametriT da gamoiyeneT

 f̂ operatoris ermituloba.

1.129. f fizikuri sididis  ifP̂ proeqciuli operatori ewodeba

wrfiv operators, romlis moqmedeba
kf funqciaze Semdegnairad

ganimarteba

 









ki

kif
ffffi ff

ff
fP i

ikik ;0

;
,ˆ 

aCveneT, rom  ifP̂ operators Semdegi Tvisebebi aqvs

a) ermituli operatoria b)    ii fPfP ˆˆ 2 
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miTiTeba: gamoiyeneT sisrulis piroba anu nebismieri funqcia

gaSaleT
kf funqciebad da jamze imoqmedeT  ifP̂ operatoriT.

1.130. ra fizikuri azri aqvs  ifP̂ proeqciuli operatoris

saSualos  ifP̂ nebismieri  talRuri funqciiT aRweril

mdgomareobaSi?
miTiTeba: gamoiyeneT sisrulis piroba, saSualos ganmartebis

formula da
kf funqciebis orTonormirebis piroba.

1.131. vipovoT proeqciuli operatori P̂ , romelic koordinatebis

inversiis mimarT aproeqtirebs luw P da P kent mdgomareobebSi.

aCveneT, rom Aa)   PP2 ; b) 1  PP .

1.132. vaCvenoT, rom unitaruli operatoris sakuTari
mniSvnelobebi moduliT erTis tolia.

1.133. unitaruli operatori akmayofilebs pirobas UU ˆˆ 2  . ipoveT
cxadi saxe am operatoris.

1.134. mocemulia Û unitaruli operatori. ra SemTxvevaSi iqneba

unitaruli Semdegi operatori UcA ˆˆ  , sadac c ricxvia.
1.135. vaCvenoT, rom ori unitaruli operatoris namravli
unitaruli operatoria.
1.136. SeiZleba Tu ara unitaruli operatori ermitulic iyos?

1.137. vaCvenoT, rom  FiU ˆexpˆ  operatori (sadac F̂ operatori
ermituli operatoria) unitaruli operatoria.

miTiTeba: gaSaleT eqsponenti mwkrivad da gamoiyeneT F̂
operatoris ermituloba.

1.138. aCveneT, rom Tu Âda B̂ ermituli operatorebi komutireben,

maSin
BiA
BiAU ˆˆ
ˆˆˆ




 operatori unitaruli operatoria. warmoadgineT

am saxiT 1.137 amocanis  FiU ˆexpˆ  unitaruli operatori.

miTiTeba: winaswar daamtkiceT damxmare Tanafardoba     11 ˆˆ   LL
1.139. aCveneT, rom operatoris unitaruli gardaqmnebisas

 UAUA ˆˆˆˆ Semdegi tipis algebruli Tanafardobebi operatorebs
Soris

    
i ki

kikiiii AAcAccAF 0...ˆˆˆˆˆ
,

,0

inarCunebs saxes anu   0ˆˆ iAF
miTiTeba: ganixileT unitaruli gardaqmna  UFUF ˆˆˆˆ da jamis

yvela wevris mamravlebSi CasviT 1ˆˆ UU .
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Tavi 2 erTganzomilebiani moZraoba

ZiriTadi cnebebi da formulebi

Sredingeris stacionaluri gantoleba

     xExxU
dx
d

m
H  








 2

22

2
ˆ 

(2.1)

saTanado sasazRvro pirobebiT (talRuri funqciis da misi
pirveli warmoebulis uwyvetoba, sasruloba mTel sivrceSi,

calsaxoba) gansazRvravs  xU potencialur velSi nawilakis
energetikul speqtrs da stacionalur mdgomareobebis talRur
funqciebs.
albaToba dw , rom nawilaki aRmovaCinoT x -dan dxx  -mde

intervalSi gamoisaxeba formuliT

dxdw 2 (2.2)

albaToba w , rom nawilaki aRmoCndeba 1x -dan 2x -mde intervalSi,
SeiZleba vipovoT miTiTebul intervalSi integrebiT

 
2

1

2
x

x
dxxw  (2.3)

energiis speqtri nE areSi

    UExU n (2.4)

diskretulia. SevniSnoT, rom (2.4) areSi klasikur meqanikaSi

nawilaks SeuZlia mxolod finituri moZraoba. es nE doneebi

gadaugvarebelia, xolo Sesabamisi sakuTari n funqciebi

kvadratulad integrebadia.

  UEn min (2.5)

areSi energiis speqtri uwyvetia.

  UEn max (2.6)

areSi energetikuli speqtri orjeradad gadagvarebulia. (2.6)
areSi klasikur meqanikaSi SesaZloa infinituri moZraoba orive
mimarTulebiT x .
rodesac nawilaki marcxnidan ecema potencialur jebirs

talRuri funqcias Semdegi asimptotka gaaCnia

   
 













xeEB

xeEAe
x

xik

xikxik

,

,
2

11

 (2.7)

sadac    UEmk 212,1


.  EA da  EB amplitudebi

gansazRraven gaJonvis

  2

1

2 B
k
kED  (2.8)

da arekvlis
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  2AER  (2.9)

koeficientebs.

2.1. diskretuli speqtri. stacionaluri mdgomareobebi.

2.1. aCveneT, rom Tu sistemis hamiltoniani luwia    )ˆˆ xHxH  ,

maSin sistemis talRur funqciebs gaaCniaT garkveuli luwoba,
anu an luwi an kenti funqciebi arian.
2.2. m masis nawilaki asrulebs erTganzomilebian Tavisfal
moZraobas. ipoveT stacionaluri mdgomareobebis energia da
talRuri funqcia.
2.3. aCveneT, rom Tu potencialuri energia SeiZleba CavweroT

Semdegi saxiT        332211321 ,, xVxVxVxxxV  , maSin droze

damoukidebeli Sredingeris gantoleba SeiZleba Caiweros 3
erTganzomilebiani gantolebis saxiT

       ,....3,2,1,02
22

2

 ixxVEm
dx
xd

iiiii
i

ii 




amasTan        332211321 ,, xxxxxx   da 321 EEEE 
2.4. droze damoukidebeli talRuri funqcia anu Sredingeris
gantolebis

       02
22

2
 xxVEm

dx
xd 


amonaxsni Seesabameba bmul an arabmul mdgomareobebs. dauSviT,

rom zRvari 

V

x
lim arsebobs da  VV . am pirobebSi rodis

gvaqvs bmuli mdgomareobebi Semdeg SemTxvevebSi: Aa) Tu VE ; b)

Tu   VEV ; g) Tu VE . ra xdeba Tu 0VVV  ?

2.5. aCveneT, rom erTganzomilebian SemTxvevaSi diskretuli
speqtris mdgomareobebi gadaugavarebelia.
miTiTeba: davuSviT sawinaaRmdego anu erT dones 2
damoukidebeli funqcia Seesabameba, dawereT maTTvis orjer
Sredingeris erTganzomilebiani stacionaluri gantoleba da
aCveneT, rom miiRebT winaaRmdegobas anu es ori funqcia
erTmaneTze damokidebuli gamova.

2.6.m masis nawilaki moZraobs  xV potencialur velSi.

garkveul areSi veli mudmivia   0VxV  . am arisaTvis ipoveT

stacionaluri mdgomareobis talRuri funqciebi, Tu a) 0VE  ; b)

0VE  ; g) 0VE  , sadac E aris nawilakis energia.

2.7. vipovoT energetikuli doneebi da normirebuli talRuri
funqciebi m masis nawilakis stacionaluri mdgomareobebisa
usasrulod simaRlis a siganis potencialur ormoSi
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axx

ax
xU

,0,
0,0

gamoarkvieT miRebuli talRuri funqciebis simetriis Tvisebebi
koordinatebis inversiisas ormos centris mimarT anu axx 
gardaqmnisas.
2.8. aCveneT, rom 2.7 amocanis talRuri funqciebi orTogonaluria

2.9. vipovoT x , 2x , x , p , 2p , p 2.7 amocanis SemTxvevaSi.

2.10. vipovoT 2.7 amocanaSi nawilakis E energia, Tu cnobilia

ormos sazRvarze )0( x talRuri funqciis warmoebulis
dx
d

mniSvneloba anu  0  .

2.11. aCveneT, rom 2.7 amocanaSi ar SeiZleba arsebobdes 0E da
0E mdgomareobebi.

miTiTeba: aCveneT, rom Sredingeris gantolebaSi 0E da

0E mdgomarebebisTvis     00  a piroba migviyvans iqamde, rom

0 mTel ax 0 areSi.
2.12. nawilaki imyofeba usasrulo simaRlis erTganzomilebian
potencialur ormoSi.ipoveT nawilakis masa, Tu ormos siganea a
da energiis sxvaoba 3-e da 2-e energetikul doneebs Soris aris
E .

2.13. nawilaki imyofeba usasrulo simaRlis erTganzomilebian
potencialur a siganis ormoSi. vipovoT ricxvi dN
energetikuli doneebisa  dEEE , intervalSi, Tu energiebi
Zalian mWidrod arian ganlagebuli.
2.14. nawilaki imyofeba usasrulo simaRlis erTganzomilebian
potencialur a siganis ormoSi. vipovoT
a) wnevis Zala, romelsac nawilaki awarmoebs kedlebze.
b) muSaoba, romelic unda SevasruloT, rom ormo nela
SevkumSoT  -jer.
2.15. nawilaki imyofeba ZiriTad mdgomareobaSi usasrulo
simaRlis erTganzomilebian potencialur a siganis ormoSi.

vipovoT nawilakis
3
2

3
axa

 areSi povnis albaToba.

2.16. m masis nawilaki imyofeba ZiriTad mdgomareobaSi usasrulo
simaRlis erTganzomilebian potencialur ormoSi. nawilakis
adgilmdebareobis simkvrivis albaTobis maqsimaluri

mniSvnelobaa mP . vipovoT ormos a sigane da mocemul

mdgomareobaSi nawilakis E energia.

2.17. m masis nawilaki imyofeba ZiriTad mdgomareobaSi
usasrulo simaRlis erTganzomilebian a siganis potencialur
ormoSi. ormos gverdebs myisierad da simetriulad afarToeben
a2 siganemde. rogoria imis albaToba, rom am gafarToebul

ormoSi nawilaki imyofeba ZiriTad mdgomareobaSi?
miTiTeba: sawyisi ZiriTadi mdgomareobis talRuri funqcia
gaSaleT gafarToebuli ormos talRur funqciebad.
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2.18.vaCvenoT, rom Sredingeris droiTi gantolebis stacionaluri
mdgomareobebi miiReba mxolod maSin, roca potenciali U ar
aris droze damokidebuli.
2.19. rogor  Seicvleba stacionaluri mdgomareobis aRmweri

sruli talRuri funqcia  tx, , Tu SevcvliT potenciuri

energiis aTvlis wertils garkveuli U sididiT.
2.20.vipovoT Sredingeris droiTi gantolebis amonaxsni
Tavisufali nawilakisTvis, romelic moZraobs P impulsiT
X RerZis dadebiTi mimarTulebiT.
2.21. vaCvenoT, rom Tavisuflad moZravi nawilakis energiam
SeiZleba nebismieri mniSvneloba miiRos.

2.22..K inerciuli sistema 0V


siCqariT moZraobs K inerciuli

sistemis mimarT. vipovoT K sistemaSi ararelativisturad

moZravi Tavisufali m masis nawilakis  tx, talRuri funqciis

kavSiri mis talRur funqciasTan  tx , K sistemaSi.
simartivisaTvis CaTvaleT, rom nawilakis siCqare K sistemaSi
mimarTulebiT emTxveva 0V


-s.

2.23. gamoarkvieT aris Tu ara     ti
k

kextx , talRuri funqcia,

romelic warmoadgens stacionaluri mdgomareobebis
superpozicias, Sredingeris droiTi da stacionaluri
gantolebebis amonaxsni.
2.24.nawilakis yofaqceva erTganzomilebian ormoSi

 ax ,0 aRiwereba sawyisi talRuri funqciiT    xaAxx  0, ,

sadac A mudmivaa. ipoveT A , x , p , H 0t momentSi.

2.25. nawilaki imyofeba usasrulo simaRlis erTganzomilebian

potencialur a siganis ormoSi. ipoveT x mdgomareobaSi,

romelic warmoadgens ori umdablesi mdgomareobis
superpozicias Tanabari wonebiT.

miTiTeba: gvaqvs
t
ma

i

e
a
x

a
2

2

2
1 sin2


 

 ;
t

ma
i

e
a
x

a
2

22

2
2

2
2sin2


 

 da









  
aaaa

dxxdxxdxxdxxx
0

12
0

21
0

22
0

11 ˆˆˆˆ
2
1

. daTvaleT

TiToeuli integrali

2.26. vipovoT talRuri funqciebi da energetikuli doneebi
sworkuTxa potencialur ormoSi

 
  axxV

axVxV





;0

;0

miTiTeba: dawereT Sredingeris gantoleba saTanado areebSi da
moaxdineT talRuri funqciis ’’Sekerva’’ ax  da ax 
wertilebSi.
2.27.m masis nawilaki imyofeba erTganzomilebian simetriul
ormoSi
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  axVxV

axxV





;

;0

0

miiyvaneT energiis sakuTari mniSvnelobebis gantoleba 0VE 
areSi Semdeg saxemde

02
arcsin2

mV
knka 

 

sadac


mEk 2
 da n mTeli ricxvia.

2.28.isargebleT wina 2.27 amocanis amonaxsniT da ipoveT

0
2Va sididis mniSvneloba, romlis drosac

a) ZiriTadi mdgomareobis energiaa
2
0VE  ;

b) Cndeba meore done, n -e done. ramden dones Seicavs mocemuli

ormo, Tu
m

Ua
2

0
2 75
 ?

2.29..m masis nawilaki imyofeba 2.27 amocanis ormoSi. ipoveT

ZiriTadi mdgomareobis 1E energia, Tu talRuri  funqciis
mniSvneloba ormos kideebze orjer mcirea vidre ormos SuaSi.

2.30.m masis nawilaki imyofeba erTganzomilebian  xU
potencialur velSi stacionalur mdgomareobaSi, romlis

talRur funqcias Semdegi saxe aqvs   2xAex   , sadac A da

 mocemuli mudmivebia  0 . gaiTvaliswineT, rom   00 U da

ipoveT  xU da nawilakis E energia.

2.31.m masis nawilaki imyofeba erTganzomilebian  xU
potencialur velSi stacionalur mdgomareobaSi, romlis

talRur funqcias Semdegi saxe aqvs   xAxex   Tu 0x ,   0x
Tu 0x da   0xU , Tu x . ipoveT  xU da nawilakis

E energia.
2.32. vipovoT talRuri funqciebi da energetikuli doneebi
sworkuTxa potencialur ormoSi

 
 

axxV
axVxV

xxV






;0)(
0;
0;

0

2.33. vipovoT talRuri funqciebi da energetikuli doneebi
asimetriul potencialur ormoSi

 
 

axVxV
axxV

xVxV





;)(
0;0

0;

1

2

; 012 VV

2.34. vipovoT talRuri funqciebi da energetikuli doneebi
asimetriul potencialur ormoSi
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cxxV
cxbVxV
bxaVxV
axVxV

xxV








;)(
;
;)(
0;

0;

3

2

1

; 0132  VVV

2.35. vipovoT normalizebuli talRuri funqciebi  potencialur
ormoSi

 
 

bxxV
bxaVxV
axVxV

xxV







;)(
;)(
0;

0;

2

1 012 VV

vipovoT nawilakis povnis albaTobebi ax 0 da
bxa  intervalebSi.

2.36.m masis nawilaki imyofeba Semdeg erTganzomilebian
potencialur ormoSi

 














lxU
lx

x
xU

:
,0;0

,0;

0

vipovoT

a) energiis ganmsazRvreli gantoleba 0UE  areSi. miviyvanoT is

Semdeg saxeze



 mEk
Uml

klkl 2;
2

sin
0

2

2


b) minimaluri mniSvneloba 0
2Ul sididisa, romlis drosac Cndeba

pirveli da n -e done. ramden dones Seicavs ormo, romlisTvisac

m
Ul

2

0
2 75


2.37.  wina 2.36 amocanaSi erTaderTi donis energiaa
2
0UE  .

am amocanis amoxsnebis gamoyenebiT, gansazRvreT:

a) 0
2Ul sididis mniSvneloba aseTi ormosaTvis.

b) nawilakis koordinatis yvelaze ufro albaTuri mniSvneloba.
g) nawilakis povnis albaToba lx  areSi.
2.38. m masis nawilaki imyofeba Semdeg erTganzomilebian
potencialur ormoSi

 



















lx
lxU

xl
lx

xU

;
0;

,0;0
,;

0

aCveneT, rom 0UE  -is dros, gantolebas romelic gansazRvravs

energiis mniSvnelobebs Semdegi saxe aqvs
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ltgkkltgkk 2112 
sadac



mEk 2
1  ;

 


0
2

2 UEm
k




2.39. ganixileT wina 2.38 amocanaSi 0UE  SemTxveva da

a) aCveneT, rom gantolebas romelic gansazRvravs energiis
mniSvnelobebs Semdegi saxe aqvs

lkthtgkl  
sadac



mEk 2
 ;

 


EUm 
 02


da th aris hiperboluri tangesi.

b) ipoveT 0
2Ul mniSvnelobaTa intervali, rodesac 0UE  areSi ar

gveqneba arcerTi done; gveqneba mxolod erTi done.
2.40. aCveneT, rom diskretuli speqtris stacionaluri
mdgomareobaSi myof nawilakze moqmedi saSualo Zala nulis
tolia.

2.41. potencialur energias aqvs sasrulo wyveta 0xx  wertilSi.

gamoirkvieT talRuri funqciis yofaqceva am wertilSi.
miTiTeba: dawereT Sredingeris gantoleba aseTi
potencialisaTvis da aintegreT miRebuli gantoleba

  00 xxx areSi, Semdeg ki 0 zRvari aiReT.

2.42. potencialur energias aqvs usasrulo simaRlis barieri

0xx  wertilSi. gamoirkvieT talRuri funqciis yofaqceva am

wertilSi.

2.43.potencials aqvs saxe      0xxxUxU  


, sadac  x
dirakis delta funqciaa, xolo  xU SemosazRvruli funqciaa.

rogor iqcevian Sredingeris gantolebis amonaxsni  x da misi

warmoebuli 0x wertilSi?

miTiTeba: dawereT Sredingeris gantoleba      0xxxUxU  


potencialisaTvis da aintegreT miRebuli gantoleba

  00 xxx areSi, Semdeg ki 0 zRvari aiReT.

2.44. vipovoT energiis doneebi da normirebadi talRuri

funqciebi nawilakisa, romelic moZraobs    xxU  velSi.
2.45. wina 2.44 amocanaSi vipovoT: a) saSualo mniSvneloba
kinetikuri da potencialuri energiisa miRebuli erTaderTi
mdgomareobisaTvis b) talRuri funqcia impulsur warmodgenaSi.
2.46. amoxseniT Sredingeris droze damoukidebeli gantoleba
Semdegi potencialisaTvis

 
 










0;;
;



ax

axax
xV

cal-calke ganixileT luwi da kenti mdgomareobebi.
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2.47. ganixileT potenciali

   







0;

0;
xax

x
xV


sadac a da  dadebiTi nadvili ricxvebia.
a) amoxseniT Sredingeris gantoleba am potencialisaTvis
b) energia gamodis kompleqsuri. gaarkvieT, xom ar ewinaaRmdegeba
es faqti imas,rom normirebuli stacionaluri
mdgomareobebisaTvis E namdvili sididea.
2.48. vipovoT nawilakis energiis doneebi da talRuri funqcia,

romelic imyofeba erTganzomilebian kulonur velSi  
x
exV
2



2.49. ipoveT harmoniuli oscilatoris, romlis hamiltoniania

2
22

22
xm

m
p

H x 


energiis speqtri da talRuri funqciebi.
2.50. nawilaki moZraobs Semdegi potencialuri energiis velSi

 











0;
2

;0;

2
2

xxm

x
xV 

ipoveT energiis speqtri.
2.51. harmoniuli oscilatorisaTvis ipoveT impulsebis sxvadasxva
mniSvnelobebis ganawilebis albaToba.
2.52.vipovoT energiis doneebi da talRuri funqciebi
erTganzomilebiani harmoniuli oscilatorisa, romelic

moTavsebulia mudmiv eleqtrul E

velSi.nawilakis muxtia e

2.53. daTvaleT a) ,x 2x , p , 2p harmoniuli oscilatoris

0 da 1 mdgomareobebSi. b) SeamowmeT haizenbergis

ganuzRvrelobis Tanafardoba am mdgomareobebisaTvis. g)

daTvaleT saSualo kinetikuri T da potencialuri V
energiebi am mdgomareobebSi.

miTiTeba: gamoTvlebis gamartivebis mizniT isargebleT xm


 

cvladiT da
4
1









 m

mudmiviT.

2.54.erTganzomilebiani oscilatori imyofeba n -e doneze. ipoveT
misTvis 2x da saSualo potencialuri energia.

2.55. harmoniuli oscilatoris energiaa 
2
7

. gamoTvaleT

saSualo kinetikuri energia.
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2.56. gamosaxeT harmoniuli oscilatoris hamiltoniani â gaCenis
da â gaqrobis operatorebis saSualebiT. es operatorebi ase

ganimarteba: 
























d
da

d
da

2
1ˆ;

2
1ˆ ,sadac

0x
x

 ;
m

x 
0 .

2.57. daamtkiceT, rom samarTliania Semdegi tolobebi

11ˆ 
  nn na  ; 1ˆ  nn na 

2.58. â gaCenis da â gaqrobis operatorebis saSualebiT ipoveT
sakuTari mniSvnelobebi harmoniuli oscilatorisaTvis.

2.59. â gaCenis da â gaqrobis operatorebis saSualebiT ipoveT
talRuri funqciebi harmoniuli oscilatorisaTvis.
2.60. daamtkiceT, rom koordinatis operatorisaTvis nulisgan
gansxvavebulia mxolod Semdegi integralebi

2
1

01



nxx nn  ;

201
nxx nn  

2.61. aCveneT, rom komutatori   1ˆ,ˆ aa
2.62. aCveneT, rom Tu  funqcia aRwers mdgomareobas E energiiT
anu  EH ˆ ,maSin a aRwers mdgomareobas E energiiT anu

  )()(ˆ    aEaH  .

2.63. aCveneT, rom gaqrobis operatori â sistemis energias qveviT
wevs  sididiT.

2.64.aCveneT, rom gaqrobis operators ar SeuZlia Seqmnas

mdgomareoba usasrulo normiT anu  2ˆa Tu Tavad 
normalizirebuli mdgomareobaa Sredingeris gantolebis.
miTiTeba: gamoiyeneT nawilobiTi integracia da aCveneT, rom

     










  dxaadxaa  ˆˆˆˆ

Semdeg gamoiyeneT Sredingeris gantoleba Cawerili â gaCenis da
â gaqrobis operatorebis saSualebiT

 Eaa 





  

2
1ˆˆ

imisaTvis, rom miviRoT Tanafardoba






  
2
1ˆ 2 Edxa

sadac E aris  mdgomareobis energia.
2.65. a) ermitis polinomi ganimarteba Semdegnairad

    22
1 


 









 e

d
deH

n
n

n

gamoiyeneT es formula 3H da 4H -is dasaTvlelad.

b) ermitis polinomebi akmayofileben rekurentul Tanafardobas

      11 22   nnn nHHH
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gamoiyeneT es formula da a) kiTxvaze pasuxi 5H da 6H -is

dasaTvlelad.
2.66. a) ermitis polinomebisaTvis adgili aqvs gawarmoebis
formulas

   



12  n
n nH
d
dH

gamoiyeneT es formula 5H da 6H -is gasawarmoeblad.

b) cnobilia, rom ermitis polinomi  nH aris

zze 22 mawarmoebeli funqciis n -e rigis warmoebuli 0z
wertilSi. gamoiyeneT es faqti da ipoveT 0H , 1H da 2H -is

dasaTvlelad.

2.67. ori nawilaks, romlebic erTmaneTTan drekadi

 21 xxkF  ZaliT arian dakavSirebuli, SeuZliaT Tavisuflad

gadaadgileba OX RerZis gaswvriv. vipovoT talRuri funqcia da
energiis speqtri.

miTiTeba:SemoitaneT simZimis centris koordati cX da

fardobiTi 21 xxx  koordinati da ganacaleT cvladebi.

2.68gamoTvaleT matriculi elementebi x da p operatorebisa
erTganzomilebiani harmoniuli oscilatorisaTvis

   




  dxxxxkxnx knnk

   




  dxxpxkpnp knnk

sadac  xn erTganzomilebiani harmoniuli oscilatoris

talRuri funqciebia.

miTiTeba: CawereT x da p̂ operatorebi â gaCenisa da â
gaqrobis operatorebis saSualebiT da gamoiyeneT 2.57 amocanis
Sedegebi.

2.69. ipoveT energiis doneebi da talRuri funqciebi nawilakisa,
e.w. morsis potencialisaTvis

   xx eeAxV    22

sadac A da  dadebiTi mudmivebia. gamoarkvieT rodis ar gvaqvs
doneebi.

miTiTeba: Sredingeris gantolebaSi gaakeTeT xemA 


 



22
Casma

da gantoleba daiyvaneT gadagvarebuli hipergeometriuli
funqciis gantolebaze.

2.70. ipoveT energiis doneebi da talRuri funqciebi nawilakisa,
romelic moZraobs

 
xch

U
xV

2
0

velSi,sadac 00 U
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miTiTeba: gaakeTeT xth  Casma da gantoleba daiyvaneT
hipergeometriuli funqciis gantolebaze.

2.71.ipoveT energiis doneebi da talRuri funqciebi nawilakisa
romelic moZraobs

 
x

V
xV

2
0

cos
 ; 0,00  V

paSen-taleris velSi.

miTiTeba: CawereT   1,1
2

2
2

0  
m

V 
, SecvaleT damoukidebeli

cvladi xy 2sin , gaakeTeT    yfy 21


  Casma da gantoleba
daiyvaneT hipergeometriuli funqciis gantolebaze.

2.72.


2

0  x intervalSi ipoveT energiis doneebi da talRuri

funqciebi nawilakisa romelic moZraobs

 
x

V
x

VxV
 2
2

2
1

cossin
 ;

ganzogadebuli paSen-taleris velSi ( 1V da 2V dadebiTi
mudmivebia)

miTiTeba: CawereT     1,;1
2

;1
2

2
2

2
2

2

1  
m

V
m

V 
,

SecvaleT damoukidebeli cvladi xy 2sin , gaakeTeT

   yfyy 22 1


  Casma da gantoleba daiyvaneT hipergeometriuli
funqciis gantolebaze.

2.73. ipoveT energiis doneebi da talRuri funqciebi nawilakisa
Semdegi potencialisaTvis

 


































a
x

a
x

e

U

e

UxU

11

2
2

1 ; 0;02,1  aU

miTiTeba: SecvaleT damoukidebeli cvladi axez / , gaakeTeT

   zfzz   1 Casma da gantoleba daiyvaneT hipergeometriuli
funqciis gantolebaze.

2.74. ipoveT energiis doneebi da talRuri funqciebi nawilakisa
romelic 0.;  FFxU erTgvarovan velSi moZraobs.

miTiTeba: gaakeTeT
3/1

2
2














 



mF
F
Ex Casma da gantoleba

daiyvaneT eiris funqciis gantolebaze.
2.75. ipoveT erTgvarovan velSi moZravi nawilakis talRuri
funqciebi impulsur warmodgenaSi.

2.76. nawilaki moZraobs velSi

 








0,
0,

z
zmgz

zU
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ipoveT energiis doneebi da talRuri funqciebi.
miTiTeba: Sredingeris gantolebaSi gaakeTeT

3/1

2

22




















gm
mg
Ezx Casma da gantoleba daiyvaneT eiris funqciis

gantolebaze.

2.77. vipovoT talRuri funqciebi da energiis doneebi
nawilakisa, romelic moZraobs

 
2

0 





 

a
x

x
aVxV ; 0x

velSi.
miTiTeba:  Sredingeris gantolebaSi SecvaleT damoukidebeli

cvladi 202
x

a
mV


 , gaakeTeT   


ue 2


 Casma da gantoleba

daiyvaneT gadagvarebuli hipergeometriuli funqciis
gantolebaze.

2.78.vipovoT talRuri funqciebi da energiis doneebi nawilakisa,
romelic moZraobs velSi

  x
a

ctgVxV 2
0 ; ax 0

CaatareT ZiriTadi mdgomareobis talRuri funqciis normireba.

ganixileT zRvruli didi da mcire 0V -saTvis.

miTiTeba: Sredingeris gantolebaSi gaakeTeT ux
a


2

sin










Casma,sadac  022

2

22

2
0

2
,11

8
4
1 VEmaamV























, SecvaleT

damoukidebeli cvladi
a
xz 2cos da gantoleba daiyvaneT

hipergeometriuli funqciis gantolebaze.

2.79.sistema Sedgeba ori erTnairi M masis nawilakisagan. es
nawilakebi asruleben erTganzomilebian moZraobas da

urTierTqmedeben erTmaneTTan  21 xxkF  ZaliT, sadac 1x da

2x nawilakebis koordinatebia. sistema aRiwereba talRuri
funqciiT

   










 




 


 2
2/

exp
2

exp
2

2121 xxMkxxPi

a) ras udris nawilakebis fardobiTi moZraobis sruli energiis
saSualo
b) gansazRvreT nawilakebis fardobiTi moZraobis impulsis
modulis saSualo

miTiTeba: a)SemoiReT cvladebi 2121 , xxRxxx  ,dayvanili masa

2
M
 da CawereT Rx  Bb) SecvaleT cvladi



2
2 xk
y
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2.2. uwyveti speqtris mdgomareobebi. potencialur
barierebSi nawilakis gasvla.

2.80.m masis da E energiis nawilakTa stacionaluri nakadi ecema
absoluturad SeuRwevad kedels:

 








0;0
0;

x
x

xU

gansazRvreT nawilakis adgilmdebareobis povnis albaTobis

simkvrivis ganawileba  xW . vipovoT im wertilebis

koordinatebi, sadac  xW -s aqvs maqsimaluri mniSvneloba.

2.81.m masis nawilaki marcxnidan ecema 0U simaRlis sworkuTxa

potencialur bariers, romlis potencialia

 








0;0

0;0

0 xU
x

xU

nawilakis energiaa E , amasTan 0UE  . vipovoT nawilakis bariers

qvemoT efeqturad SeRwevadobis siRrme effx anu manZili barieris

sazRvridan im wertilamde, sadac nawilakis povnis albaTobis

simkvrive e -jer mcirdeba. ipoveT effx eleqtronisTvis Tu

10  EU ev.

2.82. gamoiyeneT wina 2.81 amocanis pirobebi da

a) aCveneT, rom 0UE  -Tvis barieridan arekvlis koeficienti

R erTis tolia.
b) gansazRvreT nawilakis adgilmdebareobis povnis albaTobis

simkvrivis ganawileba  xW im SemTxvevaSi roca
2
0UE  .

2.83.m masis nawilaki marcxnidan ecema 0U simaRlis sworkuTxa

potencialur bariers, romlis potencialia

 








0;0

0;0

0 xU
x

xU

nawilakis energiaa E , amasTan 0UE  . ipoveT barieris

R arekvlis da D gaJonvis koeficientebi.
2.84.aCveneT, rom R arekvlis da D gaJonvis koeficientebi
akmayofileben pirobas

1 DR
2.85. davamtkicoT, rom R arekvlis da D gaJonvis koeficientebi
mocemuli energiisTvis ar aris damokidebuli imaze marcxnidan
Tu marjvnidan ecema nawilakebi potencialur bariers.
2.86.m masis nawilaki moZraobs marcxnidan marjvniv potencialur
velSi

 








0;0

0;00

x
xU

xU

nawilakis energia 0x wertilis marcniv aris E . ipoveT
R arekvlis koeficienti Semdeg SemTxvevebSi
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a) 0UE  ; Bb) 0UE 
2.87.m masis nawilaki moZraobs marcxnidan marjvniv potencialur
velSi

 














lx
lxU

x
xU

;0
0;
0;0

0

ormos gareT nawilakis energiaa 0UE  . vipovoT:

a) gaJonvis koeficienti D .

b) D -s mniSvneloba eleqtronisTvis roca 10 UE ev, Tu

1,0l nm.

2.88. isargebleT wina 2.87 amocanis amonaxsniT da ipoveT E
energiis mniSvnelobani, romlis drosac nawilaki
daubrkolebriv gaivlis ormos. darwmundiT, rom es maSin xdeba,
rodesac l ormos sigrZe ormos SigniT nawilakis debroilis
talRis naxevarsigrZis jeradia. daTvaleT minimaluri energia

minE eleqtronisaTvis roca 100 U ev da 25,0l nm.

2.89.isargebleT 2.88 amocanis pirobebiT da CaTvaleT, rom

cnobilia D gaJonvis koeficienti, Eda 0U . ipoveT ormos sigrZe

l romlis drosac R arekvlis koeficienti maqsimaluria.
2.90. m masis nawilaki marcxnidan ecema sworkuTxa potencialur
bariers

 














lx
lxU

x
xU

;0
0;0
0;0

0

amasTan 0UE  . ipoveT

Aa) barieris D gaJonvis koeficienti mocemul SemTxvevaSi da D -

s gamosaxuleba 0UE zRvarSi.

b) E energiis pirveli ori mniSvneloba, romlis drosac

eleqtroni daubrkolebriv gadis aseT barierSi,Tu 100 U ev da

5,0l nm.

2.91..m masis nawilaki marcxnidan ecema sworkuTxa potencialur
bariers

 














lx
lxU

x
xU

;0
0;0
0;0

0

amasTan 0UE  . ipoveT

a) barieris D gaJonvis koeficienti.
b) gaamartiveT miRebuli gamosaxuleba 1D SemTxvevaSi.
g) ipoveT eleqtronis da protonis barierSi gavlis albaToba

E =5 ev energiiT, Tu 100 U ev da 1,0l nm.
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2.92. gamoiyeneT wina 2.92 amocanis pirobebi, CaTvaleT, rom

nawilakebi bariers ecema marcxnidan da ipoveT
 
 lW

W 0
-albaTobaTa

simkvrivis Sefardeba 0x da lx  wertilebSi
2
0UE 

SemTxvevisaTvis.

2.93.ipoveT R arekvlis koeficienti nawilakisaTvis, romelic
moZraobs Semdeg potencialur velSi

  xe
U

xU 

1

0

amasTan 0UE  . ganixileT zRvruli SemTxvevebi, roca 0UE  ,

E da klasikuri zRvari 0 da fizikurad axseniT
miRebuli Sedegebi.
miTiTeba:  Sredingeris gantolebaSi SecvaleT damoukidebeli

cvladi xe   , gaakeTeT    





  

02
/ 212 UEmkwik


  Casma

da gantoleba daiyvaneT hipergeometriuli funqciis
gantolebaze. miRebul amonaxsnSi ganixileT zRvari 
2.94. ipoveT R arekvlis koeficienti nawilakisaTvis, romelic
moZraobs Semdeg potencialur velSi

 
1

0




a
x

e

U
xU

amasTan 0E .
miTiTeba:  Sredingeris gantolebaSi SecvaleT damoukidebeli

cvladi a
x

e


 , gaakeTeT   )2(


mEkuika    Casma da

gantoleba daiyvaneT hipergeometriuli funqciis gantolebaze.
miRebul amonaxsnSi ganixileT zRvari 
2.95.ipoveT D gaJonvis koeficienti nawilakisaTvis, romelic
moZraobs Semdeg potencialur velSi

 
xch

U
xU

2
0 ; 00 U

amasTan 0UE  .

miTiTeba: Sredingeris gantoleba am amocanisaTvis miiReba 2.70

amocanaSi ganxiluli SemTxvevidan 0U -is niSnis SecvliT,

amasTanave axla E energia dadebiTia. amitom SeiZleba
gamoviyenoT 2.70 amocanaSi ganxiluli amoxsnis meTodi.

2.96.daadgineT D gaJonvis koeficientis nulisken miswrafebis

kanoni, rodesac 0E im pirobebSi, roca  xU potencialuri

energia swrafad ecema ax  manZilebze, sadac a
urTierTqmedebis aris maxasiaTebeli zomaa.
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miTiTeba: ax  manZilebze 0E pirobebSi, Srdingeris

gantolebaSi uguvebelyaviT energia da potencialuri energia da
amoxseniT miRebuli gantoleba.

2.97. gansazRvreT arekvlis da gaJonvis koerficientebi dirakis

delta potencialisaTvis    xxU  .
miTiTeba: amoxseniT Sredingeris gantoleba dadebiTi
energiebisaTvis 0x da 0x areebSi da ’’SekereT’’ miRebuli
amoxsnebi 0x wertilSi.

2.98. vipovoT energia, romlis drosac nawilaki ar airekleba

    axxaU   potencialuri barieridan.

miTiTeba: 0x da ax  wertilebSi amoxsnebis Sekervisas
gamoiyeneT 2.43 amocanis Sedegebi.

`q

2.3. ramdenime Tavisuflebis xarisxis mqone sistemebi.

2.99.m masis nawilaki imyofeba usasrulo simaRlis
organzomilebian potencialur ormoSi ( 0U , roca

byax  0,0 da U am aris gareT). vipovoT energiis
speqtri da nawilakis  normirebuli funqcia.
2.100.wina 2.99 amocanaSi vipovoT nawilakis povnis albaToba
umciresi energiiT 3/0,3/0 byax  areSi.
2.101.m masis nawilaki imyofeba usasrulo simaRlis
organzomilebian potencialur ormoSi. ormos gverdia l .
vipovoT pirveli oTxi donis energia.
2.102.wina 2.101. amocanaSi vipovoT nawilakis mdgomareobebis

ricxvi energiis  dEEE , intervalSi, Tu energiis doneebi
ganlagebulia Zalze mWidrod.
2.103.m masis nawilaki imyofeba ZiriTad mdgomareobaSi usasrulo
simaRlis kvadratul organzomilebian potencialur ormoSi.
vipovoT nawilakis E energia, Tu nawilakis povnis maqsimaluri

albaToba aris mP
2.104. amoxseniT kepleris amocana organzomilebian SemTxvevaSi
anu ipoveT nawilakis energiis mniSvnelobebi da talRuri

funqcia potencialur velSi


2ZeV  ,sadac 22 yx  .(z

koordinatze funqcia ar aris damokidebuli).
2.105.vipovoT brtyeli izotropuli oscilatoris energetikuli
doneebi da talRuri funqciebi.

2.106.vipovoT

xyyxkU 


2

22
; k

potencialur velSi moZravi nawilakis enegetikuli doneebi
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miTiTeba: potencialis gadawereT Semdegi saxiT:

    4/4/ 2
2

2
1 yxkyxkU  , sadac 02,1  kk da SemoiReT

axali cvladebi   21 yxx  da   21 xyy 
2.107.vipovoT energetikuli speqtri Semdegi hamiltonianisa

  21
2
2

2
1

2
2

2
1 2

1ˆ
2
1ˆ

2
1ˆ xxxxkp

m
p

M
H  ; k

miTiTeba: SemoiReT aRniSvna:

xy 1 da 22 xy  ,sadac

M
m

 da

miiyvaneT hamiltoniani diagonalur saxeze.
2.108. vipovoT energetikuli doneebi da normirebuli talRuri
funqciebi nawilakis stacionaluri mdgomareobebisa usasrulod
simaRlis samganzomilebian potencialur ormoSi ( 0U , roca

czbyax  0,0,0 da U am aris gareT).

2.109.m masis nawilaki imyofeba l wibos mqone kubis formis
usasrulo simaRlis potencialur ormoSi. isargebleT wina 2.109
amocanis SedegebiT da ipovoT 3-e da 4-e doneebis energiebis
sxvaoba.
2.110. isargebleT 2.108 amocanis amonaxsniT da vipovoT nawilakis

mdgomareobebis ricxvi energiis  dEEE , intervalSi, Tu
energiis doneebi ganlagebulia Zalze mWidrod.

2.111. drekadi ZaliT dakavSirebuli ori m masis nawilaki
moZraobs OX RerZis gaswvriv. amasTanave TiToeuli nawilaki
0x wertilTan sxva drekadobis koeficientis mqone imave tipis

ZaliT arian dakavSirebuli. gansazRvreT sistemis energiis
doneebi da talRuri funqcia.

miTiTeba: SemoiReT masaTa centris
2
21 xxX C


 koordinati,

fardobiTi 21 xxx  koordinati  da ganacaleT cvladebi.
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Tavi 3.  impulsis momenti.

ZiriTadi cnebebi da formulebi

impulsis momentis  prL ˆˆˆ 
 operatoris iL̂ mdgenelebi

sferul koordinatebSi mxolod  da  kuTxeebze arian

damokidebuli. magaliTad




 iLzˆ (3.1)

romlis sakuTari funqciebi da sakuTari mniSvnelobebia  zlm 

  ,...2,1,0;
2

 me im
m 



(3.2)

2L̂ impulsis momentis kvadratis operatori gamoisaxeba
laplasis operatoris kuTxuri nawiliT; misi sakuTari

mniSvnelobebia  1ll , amasTan ...3,2,1,0l nawilakis talRuri

funqciis mxolod kuTxuri nawilis ganxilvisas 2L̂ da

zL̂ operatorebis sakuTari funqciebi adgenen srul sistemas,

romelTa normirebuli sakuTari funqciebia   ,lm sferuli

funqciebi

  lmlmlm llL 

























 1
sin
1sin

sin
1ˆ 2

2

2

2
2 





(3.3)

lmlmz miL 



 


ˆ (3.4)

maT Semdegi saxe aqvT

     
    


imm

l
l

mm

lm eP
ml
mlli cos
!
!

4
121 2






(3.5)

 
 

 


 cos
cos

sincos lm

m
mm

l P
d
dP  (3.6)

sadac lP da
m

lP Sesabamisad leJandris da leJandris

mikavSirebuli polinomebia. amasTan

   



  mmllmllmml
ml

m d ;1 , (3.7)

sferul funqciebs gaaCniaT  lI 1 luwoba. maTTvis
samarTliania ’’Sekrebis Teorema’’:

     


 
 l

lm
lmlml nnnnPl 

4
12

(3.8)

sadac nda n saTanado mimarTulebebis ortebia. amasTan

    ,lmlm n 


:    cossinsincoscosnn  (3.9)
sferuli funqciebs dabali orbitaluri momentebisaTvis Semdegi
saxe aqvT:
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ieii 
  sin

8
3;cos

4
3;

4
1

1,11000  (3.10)

   








ii ee 22
2,21,2

2
20 sin

32
15;cossin

8
15;cos31

16
5 




 

3.1. vipovoT sakuTari mniSvnelobebi da normirebuli sakuTari

funqciebi Semdegi operatorebisa a) zL̂ ; b) 2ˆ
zL

3.2. davamtkicoT, rom zL̂ operatori ermituli operatoria.
damtkiceba CavataroT polarul da dekartes koordinatebSi.

3.3 davamtkicoT 2L̂ operatoris ermituloba imis

gaTvaliswinebiT, rom xL̂ yL̂ da zL̂ ermituli operatorebia.

3.4. davamtkicoT, rom

  kijkji rirL ,ˆ

sadac   aRniSnavs komutators, xolo ijk sruliad

antisimetriuli mesame rangis tenzoria.
3.5. davamtkicoT, rom

  kijkji pipL ,ˆ

sadac   aRniSnavs komutators, xolo ijk sruliad

antisimetriuli mesame rangis tenzoria.
3.6. davamtkicoT, rom

  kijkji LiLL ˆˆ,ˆ 
sadac   aRniSnavs komutators, xolo ijk sruliad

antisimetriuli mesame rangis tenzoria.

3.7. vaCvenoT, rom 2L komutirebs TiToeul iL -Tan.

3.8. davamtkicoT, rom

LiLL ˆˆˆ 





3.9. davamtkicoT, rom zL̂ operatori komutirebs kinetikuri

energiis K̂ operatorTan.
3.10. gamoviTvaloT Semdegi komutatori

  LL ˆ,ˆ

sadac yx LiLL ˆˆˆ 
3.11. gamoviTvaloT Semdegi komutatori

 

LLz ˆ,ˆ

sadac yx LiLL ˆˆˆ 
3.12. vaCvenoT, rom

  0ˆ,ˆ2 LL
3.13. vaCvenoT, rom

zzzz LLLLLLLLL ˆˆˆˆˆˆˆˆˆ 222   

3.14. vipovoT Semdegi komutatorebi:
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a)          



 222 ˆˆ,ˆ,ˆˆ,ˆ,ˆ,ˆ,ˆ,ˆ rplrplplrl iiii


; b)         kkikiki pbxalxrplprpl ˆˆ,ˆˆˆ,ˆ,ˆˆˆ,ˆ , 



g)      lkilkilki pxlpplxxl ˆˆ,ˆ,ˆˆ,ˆ,ˆˆ,ˆ , sadac a da b mudmivebia.

3.15. aCveneT, rom samarTliania Semdegi toloba

   ziLyLxizL xy   ˆˆ2,ˆ2

3.16. aCveneT, rom samarTliania Semdegi toloba

    zLLzzLL 22222 ˆˆ2,ˆ,  


miTiTeba: isargebleT wina 3.15 amocanis SedegiT da im faqtiT,

rom skalaruli namravli 0Lr
̂

3.17. davamtkicoT, rom samarTliania Semdegi toloba

  liklki AiAL ˆˆ,ˆ 

sadac kÂ aris fizikuri sididis Sesabamisi veqtoruli

operatoris k mdgeneli.
3.18. wina 3.17 amocanis gamoyenebiT daamtkiceT, rom samarTliania
Semdegi tolobebi

      xyzxzxzyxyxx AALiALAALiALAL ˆˆˆ2ˆ,ˆ;ˆˆˆ2ˆ,ˆ;0ˆ,ˆ 222 
3.19. 3.16 amocanis gamoyenebiT daamtkiceT, rom samarTliania
Semdegi toloba

  xzyyzx AALALiAL ˆ2ˆˆˆˆ2ˆ,ˆ2 



 

3.20.ipoveT normirebuli lmr0 talRuri funqciebi, romlebic

aRweren saTavidan 0r manZilze myofi nawilakis mdgomareobas

(nawilaks gaaCnia l orbitalur momentis da misi z RerZze
m proeqcia)
3.21. ipoveT nawilakis z RerZze impulsis operatoris proeqciis
da impulsis momentis saerTo sakuTari funqciebi.

3.22. brtyeli rotatori imyofeba mdgomareobaSi, romelic

aRiwereba    sinA talRuri funqciiT. SeiZleba Tu ara

impulsis momentis gazomvisas miviRoT 2zl mniSvneloba?

miTiTeba: gaSaleT    sinA funqcia zl̂ operatoris sakuTar
funqciebad da ipoveT m magnituri kvanturi ricxvis SesaZlo
mniSvnelobebi.
3.23. rotatori imyofeba mdgomareobaSi, romelic aRiwereba

  


 2sin
3
2

 talRuri funqciiT. daTvaleT 2
zl saSualo ori

meTodiT: albaTobebiT da operatoris saSualebiT.

3.24. vaCvenoT, rom yx lill ˆˆˆ  operatorebiT m sakuTar

funqciaze  mmz ml ˆ moqmedebis Sedegad miRebuli funqcia

kvlav zl̂ operatoris sakuTari funqciaa, romlebic Seesabameba

1m da 1m sakuTar mniSvnelobebs Sesabamisad l̂ da

l̂ operatorebisaTvis.
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miTiTeba: gamoiyeneT 3.11 amocanis Sedegi.

3.25. 3.24 amocanaSi ganxiluli yx lill ˆˆˆ  amwevi da damwevi

operatorebisaTvis sruldeba Semdegi tolobebi
1ˆ 

  m
l

m
l

m
l Al 

sadac m
lA mudmivebia. ipoveT es mudmivebi, Tu talRuri funqciebi

normirebulia.
miTiTeba: gamoiyeneT 3.13amocanis Sedegi.

3.26.vaCvenoT, rom m mdgomareobaSi  mmz ml ˆ

saSualoebisaTvis samarTliania Semdegi tolobebi

a) 0ˆˆ  yx ll ; b) 2/ˆˆˆˆ imllll xyyx  ; g) 22 ˆˆ
yx ll 

3.27. lm mdgomareobaSi, rodesac gansazRvruli mniSvnelobebi

aqvT l impulsis moments da mis m proeqcias z RerZze, ipoveT

saSualo mniSvnelobebi 2
x̂l da 2

ŷl .

3.28. vipoveT saSualo mniSvnelobebi  2
ẑl sistemisaTvis,

romelic imyofeba    2sinA mdgomareobaSi.

3.29. vipovoT saSualo mniSnelobebi  2 da  2zL
sistemisaTvis, romelic imyofeba    sinA mdgomareobaSi.

3.30. vaCvenoT, rom  mdgomareobaSi, romelSic zl̂ operators
gaaCnia gansazRvruli sakuTari mniSvneloba, saSualoebisaTvis

sruldeba Semdegi tolobebi 0ˆˆ  yx ll

3.31. gamovTvaloT impulsis momentis kvadratis saSualo

mniSvneloba    cossin, A mdgomareobaSi.
3.32. nebismier RerZze impulsis momentis SesaZlo mniSvnelobebia
m , sadac lllm  ,...1, . gaiTvaliswineT, rom es mniSvnelobebi

Tanabrad albaTuria da RerZebi Tanasworuflebiania. vaCvenoT,
rom mdgomarobaSi mocemuli l -iT, saSualo mniSvneloba

impulsis momentis kvadratisa tolia  122  llL 

3.33.aCveneT, rom Tu  aris 2L̂ da zL̂ operatorebis sakuTari

funqcia, maSin 2L̂ operatoris sakuTari mniSnelobis kvadrati

metia an udris zL̂ operatoris sakuTari mniSnelobis kvadrats.

miTiTeba: daTvaleT 2L̂ operatoris saSualo

3.34. lm sakuTari funqciaa 2L̂ da zL̂ operatorebis  12 ll da m
sakuTari mniSvnelobebiT. aCveneT, rom   lmyx iLL   funqciac

sakuTari funqciaa 2L̂ da zL̂ operatorebis da ipoveT 
funqciebis sakuTari mniSvnelobebi.

3.35. aCveneT, rom 0l mniSvnelobisaTvis wina 3.34 amocanaSi

ganxiluli  funqcia sakuTari funqciaa xL̂ da yL̂ operatorebis.
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miTiTeba: 2L̂ operatoriT imoqmedeT 
ml

lmlmx AL
,

00
ˆ  tolobaze da

aCveneT, rom yvela 0lmA garda 00A -isa.

Tavi 4.  moZraoba centraluri simetriis velSi.

ZiriTadi cnebebi da formulebi

centraluri potencialisaTvis Sredingeris stacionaluri
gantolebis

     rErrU
m EE













2

2
(4.1)

amonaxsni, zLLH ˆ,ˆ,ˆ 2 operatorebis urTierTkomutaturobis
gaTvaliswinebiT, Semdegi saxiT SeiZleba veZeboT

    ,lmlnlmn rR
rr
 (4.2)

sadac lm sferuli funqciaa. am TavSi ganxilulia mxolod

diskretuli speqtris mdgomareobebi da energiebi aRiniSneba

lnrE -iT, sadac ...2,1,0rn radialuri kvanturi ricxvia. amasTan

 rR lnr funqciisaTvis miiReba Semdegi Sredingeris radialuri

gantoleba

0
2
)1()(22
2

2

22

2








 
 ln

lnln
r

rr R
mr
llrUEm

dr
dR
rdr

Rd 


(4.3)

(4.3) gatolebis amosaxsnelad xSirad xelsayrelia gadavideT
axal saZiebel funqciaze

lnln rr
rR (4.4)

romlisTvisac gantoleba Semdeg saxes Rebulobs

0
2
)1()(2
2

2

22

2








 
 ln

ln
r

r

mr
llrUEm

dr

d


 


(4.5)

Semdegi sasazRvro pirobiT

  00 lnr (4.6)

(4.5) formalurad emsgavseba Sredingeris gantolebas
erTganzomilebian SemTxvevaSi.

xSirad sargebloben Semedi CasmiTac

lnln rr
Rru  (4.7)

da lnru funqciisaTvis miiReba Semdegi gantoleba

     022/11
22

2

2

2
















 lnln

lnln
rr

rr uErUm
r

l
dr
du
rdr

ud


(4.8)

saszRvro pirobiT

  00 lnru (4.9)
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4.1 diskretuli speqtris mdgomareobebi.

4.1 m masis nawilaki imyofeba sferulad simetriul potencialur

ormoSi, sadac   0rU , roca 0rr  da   rU , roca 0rr  , sadac

0r ormos radiusia. vipovoT energiis mniSvnelobebi da

normirebuli talRuri funqcia nawilakisa 0l mdgomareobaSi.
miTiTeba: Sredingeris gantolebis amoxsnisas isargebleT

r/  CasmiT.
4.2. wina 4.1 amocanaSi vipovoT nawilakis povnis albaTobis

maqsimumis wertili maxr da ZiriTad mdgomareobaSi misi povnis

W albaToba maxrr  areSi.

4.3. isargebleT 4.1 amocanis amonaxsniT da ipoveT saSualo

2, rr mniSvnelobebi da saSualo kvadatuli gadaxrebi  2rr 

nawilakisTvis, romelic imyofeba n -e  0ls doneze.

4.4. isargebleT 4.1 amocanis amonaxsniT da ipoveT  talRuri

funqciis  rR1 radialuri nawili, romelic aRwers nawilakis

p mdgomareobas  1l .

miTiTeba: GgaawarmoeT )0( ls mdgomareobis  rR0 aRmweri

Sredingeris radialuri gantoleba da miRebuli gantoleba

SeadareT  rR1 -is gantolebas.
4.5. ipoveT wina 4.4 amocanis pirveli p donis energia da

SeadareT is ZiriTadi mdgomareobis energias.
4.6.m masis nawilaki imyofeba sferulad simetriul potencialur

ormoSi, sadac   0rU , roca 0rr  da   0UrU  , roca 0rr  , sadac

0r ormos radiusia. a) 0UE  areSi )0( ls mdgomareobisaTvis

miiReT sakuTari mniSvnelobebis gantoleba. b) darwmundiT, rom
mocemul ormos yovelTvis ar gaaCnia diskretuli doneebi

(bmuli mdgomareobebi). gansazRvreT 0
2
0Ur sididis mniSvnelobebis

intervali, rodesac ormos mxolod erTi done gaaCnia.

4.7. wina 4.6 amocanaSi CaTvaleT, rom
m

Ur
27
8 22

0
2
0


 . ipoveT

nawilakis povnis albaTobis maqsimumis wertili maxr , )0( ls
mdgomareobaSi  da misi povnis albaToba 0rr  areSi.

4.8.ipoveT )0( ls mdgomareobebis doneebi Semdegi

potencialisaTvis

 arU  
4.9.ipoveT )0( ls mdgomareobebis doneebi eqsponencialuri
potencialisaTvis

a
r

eUU


 0
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miTiTeba: Sredingeris gantoleba







a
rx
2

exp CasmiT miiyvaneT

beselis gantolebamde.

4.10. ipoveT )0( ls mdgomareobebis doneebi hultenis
potencialisaTvis

1

0




a
r

e

U
U

miTiTeba:  Sredingeris gantolebaSi SecvaleT damoukidebeli

cvladi a
r

ex


 , gaakeTeT













 2

0
0

2
;



r
r

n
n

mE
ax   Casma da

gantoleba daiyvaneT hipergeometriuli funqciis gantolebaze.
4.11.m masis nawilakis mdgomaroba aRiwereba Semdegi
aranormirebuli talRuri funqciiT

r
ee ikrikr

k







a) ipoveT nawilakis energia
b) Tavisufalia Tu ara nawilaki?

4.12.m masis nawilaki imyofeba sferulad simetriul

potencialur ormoSi, sadac   0rU , roca 0rr  da   rU , roca

0rr  , sadac 0r ormos radiusia. vipovoT energiis mniSvnelobebi

da normirebuli talRuri funqcia nawilakisa nebismieri l -Tvis.
miTiTeba: Sredingeris gantolebaSi gaakeTeT

    rrY lnlmlmn rr
/,  Casma da gantoleba daiyvaneT beselis

funqciebis gantolebaze.

4.13.wina 4.12 amocanisaTvis ZiriTadi mdgomareobisaTvis ipoveT
ganawilebis funqcia nawilakis impulsebis mixedviT.
miTiTeba: ZiriTadi mdgomareobis norirebuli talRuri funqcia

    ,/sin
2
1

0 r
ar

a
r 





CawereT impulsur warmodgenaSi.

4.14.ipoveT energiis doneebi Semdegi potencialisaTvis

 araU  
rogoria diskretuli doneebis povnis piroba nebismieri l -Tvis?
miTiTeba:Sredingeris gantolebaSi gaakeTeT

    rrY lnlmlmn rr
/,  Casma da gantoleba daiyvaneT beselis

modicirebuli funqciebis gantolebaze.

4.15. isargebleT    
r
rrR 

 CasmiT da ipoveT bmuli

mdgomareobebis  rR radialuri talRuri funqciis asimptoturi
saxe eleqtronis birTvis kulonur velSi moZraobisas a) did da
b) mcire manZilebze
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4.16.wyalbadis atomSi eleqtroni imyofeba mdgomareobaSi,

romelic aRiwereba   rearA   1 talRuri funqciiT,sadac aA,
da  mudmivebia. ipoveT:
a) Sredingeris gantolebis gamoyenebiT a , mudmivebi.
b) normirebis A koeficienti.
4.17. wyalbadis atomis ZiriTad mdgomareobaSi. vipovoT

a) saSualo nr , sadac n mTeli ricxvia.

b) eleqtronis saSualo kinetikuri da potencialuri energiebi.
g)eletronis ganawilebis funqcia impulsebis mixedviT.
4.18. vipovoT wyalbadis atomSi eleqtronis denis simkvrivis
komponentebi sferul koordinatebSi.
4.19. nawilaki Tavisuflad moZraobs OyzsibrtyeSi ay 0 da

bz 0 marTkuTxedis farglebSi. sibrtyis danarCeni nawili
miuwvdomelia nawilakisaTvis. OX RerZis gaswvriv moZraobisas ki
masze moqmedebs kxF  Zala. vipovoT am nawilakis energiis
doneebi da normirebis koeficienti.
4.20. eleqtronisaTvis wyalbadis atomSi amoxseniT Sredingeris
gantoleba parabolur koordinatebSi.
4.21. vipovoT wyalbadis atomis talRuri funqcia da energiis
speqtri birTvis moZraobis gaTvaliswinebiT.

4.22. vipovoT wyalbadis atomis ss 2,1 da p2 talRuri funqciebi

impulsur warmodgenaSi.
miTiTeba: isargebleT Semdegi kavSiriT talRuri funqciebis
koordinatul da impulsur warmodgenebs Soris

     



0

2 drrkrjipg ll
l

l 


,sadac  krjl beselis sferuli funqciaa.

4.23. daamtkiceT kulonis potencialisaTvis kramersis

rekurentuli formula kr saSualoebisaTvis

    01
4
1121 2

2
1

2 













  kkk rllkkrkr
n
k

miTiTeba: kulonis potencialisaTvis Sredingeris radialuri

gantoleba gaamravleT RrkRr kk

2
11 

 -ze da aintegreT r -iT.

4.24.wyalbadis atomSi eleqtronis s2 mdgomareobis talRur
funqcias Semdegi saxe aqvs

   
2
3

0

2
200

12
24
1













a
e







sadac
0a
r

 , xolo 2

2

0 me
a 
 boris pirveli radiusia.

gansazRvreT:
a) manZili birTvidan, romelzedac eleqtronis povnis albaTobas
maqsimumi gaaCnia
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b) manZili birTvidan, romelzedac eleqtronis povnis albaToba
nulia
4.25. vaCvenoT, rom Tu wyalbadis atomSi sxvadasxva m -ebiT
(magnituri velis ararsebobisas) povnis albaToba erTnairia,
maSin kuTxuri ganawileba albaTobis simkvrivisa sferulad
simetrulia )1( lp mdgomareobaSi (qvegarsSi)

4.26. wyalbadis atomis eletronis p2 mdgomareobaSi gamoTvaleT

eleqtronis povnis albaToba 2

2

0 me
a 
 boris pirveli radiusis

SigniT, roca  kuTxe icvleba 0 -dan 2/ -mde.
4.27. ipoveT energiis doneebi samganzomilebiani anizotropuli
harmoniuli oscilatorisaTvis, romlis potenciuri energiaa

222

2
3

2
2

2
1 zkykxkV 

4.28. Sredingeris gantolebaSi, dekartes koordinatebSi,
cvladebis gancalebis meTodis gamoyenebiT vipovoT energiis

doneebi da normirebuli talRuri funqciebi
2

)(
2krrU  sferuli

oscilatoris. ipoveT doneebis gadagvarebis jeradoba.
4.29. sferul koordinatebSi vipovoT energiis doneebi da

normirebuli talRuri funqciebi
2

)(
2krrU  sferuli

oscilatoris.
4.30. vaCvenoT, rom sivrculi oscilatorisaTvis

kikiik xxkmppT ˆˆ/ˆˆˆ 

operatorebi komutireben
22

22 rk
m
pH


 hamiltonianTan. aseve

aCveneT, rom 2l̂

da 11T


operatorebi ar komutireben erTmaneTTan.

4.31. ipoveT

0;0:2  BA
r
B

r
AU

potencialur velSi moZravi nawilakis energiis doneebi

miTiTeba: rmE


22 
 ;    112

2  ssllmA


; n
E
mB


 2
aRniSvnebiT amocana dadis kulonur velSi moZraobaze.

4.32LipoveT

0;0:22  BABr
r
AU

potencialur velSi moZravi nawilakis energiis doneebi
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miTiTeba: 22 rmE


 ;    12212
2  ssllmA


;   342
 sn

B
mE



aRniSvnebiT da weR s 2/ CasmiT amocana dadis gadagvarebuli
hipergeometriuli funqciebis gantolebaze..

4.33.ipoveT diskretuli energiis doneebi 0l _Tvis vud-saqsonis

a
Rr

e

V
rV







1

)( 0

potencialisaTvis, sadac Ra 

miTiTeba: damoukidebeli cvladis SecvliT

a
Rr

e

y






1

1
da

     yfyyy   1 CasmiT amocana dadis hipergeometriuli
funqciebis gantolebaze..

4.34. vipovoT s doneebis arsebobisa da axali diskretuli
doneebis gaCenis pirobebi Semdegi potencialebisaTvis

a)











ar

ar
rrU
;

:
)( 4


b)  

 
0;4 


 a

ar
rU 

g)  
 

0;222

4
0 


 a
ar

aU
rU

miTiTeba: isargebleT Sredingeris gantolebiT 0E -Tvis.

4.35. ipovoT sdoneebis arsebobisa da axali diskretuli
doneebis gaCenis pirobebi Semdegi potencialebisaTvis

Aa)











2;;

:
)(

sar

ar
rrU s


b)











20;;0

:
)(

sar

ar
rrU s


miTiTeba: isargebleT Sredingeris gantolebiT 0E -Tvis.

4.36.ganixileT doneebis arsebobisa da axali diskretuli
doneebis gaCenis pirobebi 0l SemTxvevaSi, rodesac Rrmavdeba
potencialuri ormo. ra Tvisobrivi gansxvavebaa
0l SemTxvevisagan. ganixileT konkretuli magaliTebi:

a)    arrU   b)











ar

ar
rrU
;

:
)( 4



miTiTeba: isargebleT Sredingeris gantolebiT 0E -Tvis.

4.37. centraluri  rU 0 potencialis parametrebi iseTia, rom mas

gaaCnia diskretuli speqtri 0l -iT da 0E .am mdgomareobis

talRuri funqcia (anu donis gaCenis momentSi)
 
r
r



4
0

0 

cnobilad iTvleba da normirebulia Semdegi pirobiT:

  10 r , roca r vaCvenoT, rom am donis 0E wanacvleba

0U mcire SeSfoTebis gamo aRiwereba Semdegi gamosaxulebiT

   
2

0

2
020

2








 



drrrUmE 
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miTiTeba: amoxsnisas simartivisaTvis CaTvaleT, rom 0U roca
ar  , sadac a potencialis radiusia.

4.38. vaCvenoT, rom wina 4.37 amocanis ganzogadebisas 0l
SemTxvevaSi donis 0E wanacvlebisTvis miviRebT

    



0

2)0( drrrUE ll 

sadac )0(
l talRuri funqciaa donis warmoqmnis momentSi

    rYlml /00  ukve normirebulia Cveulebrivi pirobiT

   



0

20 1drrl . yuradReba miaqcieT gansxvavebas: UEl   , roca

0l da  20 UE   , roca 0l . axseniT es faqti.

4.39.mizidvis monotonuri potencialisaTvis   0 rU da   0rU ,
roca r , vaCvenoT, rom Semdegi utoloba

  122

0




drrmU


aucilebeli pirobaa am potencialisTvis bmuli mdgomareobis
arsebobisaTvis.

4.2. aqsialuri simetriis mqone sistemebi.

4.40. vipovoT I inerciis momentis mqone  brtyeli rotatoris
stacionaluri mdgomareobebis energiis doneebi da talRuri
funqciebi. ramdenjeradaa gadagvarebuli doneebi?
4.41.brtyeli rotatoris mdgomareoba aRiwereba talRuri

funqciiT nC cos ,sadac n mTeli ricxvia. vipovoT
rotatoris ganawilebis funqcia impulsis momentis da energiis
proeqciis mixedviT. ipoveT agreTve am sidideebis saSualoebi
mocemul mdgomareobaSi.
4.42 vipovoT I inerciis momentis mqone sivrculi rotatoris
stacionaluri mdgomareobebis energiis doneebi da talRuri
funqciebi. ramdenjeradaa gadagvarebuli doneebi?
4.43.sivrculi rotatoris mdgomareoba aRiwereba talRuri

funqciebiT 2cosC . vipovoT rotatoris ganawilebis funqcia
energiis, impulsis momentis kvadratis da impulsis momentis
proeqciis mixedviT. ipoveT agreTve am sidideebis saSualoebi
mocemul mdgomareobaSi.
4.44.vipovoT brtyeli harmoniuli oscilatoris stacionaluri
mdgomareobebis energiis doneebi da talRuri funqciebi.
ramdenjeradaa gadagvarebuli doneebi?

4.45. brtyeli harmoniuli oscilatoris 11 stacionalur
mdgomareobaSi ipoveT impulsis momentis proeqciis sxavadasxva
mniSvnelobebis povnis albaTobebi im RerZze, romelic rxevis
sibrtyis perpendikularulia .
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4.46. nawilaki imyofeba aqsialuri simetriis mqone  U velSi.
ipoveT energiis doneebi da talRuri funqciaiebi.
miTiTeba: isargebleT cilindrul koordinatebiT da im faqtiT,

rom zp̂ da zl̂ operatorebi komutireben erTmaneTTan da am

amocanis hamiltoninTan.

4.47.ipoveT energiis doneebi da stacionaluri mdgomareobebis
talRuri funqciebi nawilakisaTvis, romelic imyofeba
usasrulo simaRlis organzomilebian potencialur ormoSi

 








a
a

U




,
,0

miTiTeba: isargebleT polaruli koordinatebiT da im faqtiT,

rom zl̂ operatori komutirebs am amocanis hamiltoninTan da
gantoleba daiyvaneT beselis funqciebis gantolebaze..

4.48.ipoveT diskretuli speqtris energiis doneebi
nawilakisaTvis, romelic imyofeba Semdeg organzomilebian
potencialur ormoSi

 








a
aU

U




,0
,0

ganixileT SemTxveva, rodesac impulsis momentis proeqcia 0m
nawilakis moZraobis marTob sibrtyeSi. SeiswavleT Tu ra xdeba

mcire siRrmis 12
0

2




Uma
ormos SemTxvevaSi.

miTiTeba: amonaxsni eZebeT Semdegi saxiT   


im
mn e

mn
 .

4.49. ganixileT isev wina 4.48 amocanis SemTxveva, oRond aiReT
0m . miiReT diskretuli speqtris arsebobis piroba.

miTiTeba: wina 4.48 amocanis sakuTari mniSvnelobebis

gantolebaSi gamoiyeneT )(xJm da  xKm funqciebisaTvis mcire

x ebisaTvis asimptoturi gaSlebi.

4.50.ipoveT diskretuli speqtris energiis doneebi
nawilakisaTvis, romelic imyofeba Semdeg organzomilebian

potencialur ormoSi    aU   . ganixileT SemTxveva,

rodesac impulsis momentis proeqcia 0m nawilakis moZraobis

marTob sibrtyeSi. SeiswavleT mcire 12 

am
da Rrma

12 

am
ormoebis SemTxvevebi.

miTiTeba: amocana ixsneba 4.48. amocanis analogiurad.

4.51.ganixileT wina 4.50 amocana 0m SemTxvevisaTvis. miiReT
diskretuli speqtris arsebobis piroba.
miTiTeba: amocana ixsneba 4.49 amocanis analogiurad.



49

Tavi 5. mdgomareobis cvlileba droSi.

ZiriTadi cnebebi da formulebi

kvanturmeqanikuri sistemis cvlileba droSi SeiZleba
aRweril iqnes sxvasxva saSualebebiT.

Sredingeris warmodgenaSi talRuri funqcia (mdgomareobis
veqtori) droSi icvleba Sredingeris droiTi gantolebis
Sesabamisad

   tqHtq
t

i ,ˆ, 


 (5.1)

xolo dinamiuri sidideebis operatorebi ar arian droze
damokidebulni. Tu hamiltoniani cxadad ar aris damokidebuli
droze,sistemis talRuri funqcia SeiZleba Caweril iqnas
Semdegi gaSlis saxiT

      


n
E

tiE

n qeEctq
n

n
, (5.2)

sadac  q
nE funqciebi adgenen srul sistemas da warmoadgenen

stacionaluri mdgomareobebis hamiltonianis sakuTar funqciebs.

(5.2) gaSlaSi  nEc koeficientebi calsaxad ganisazRvrebian

drois sawyiss momentSi talRuri funqciis mniSvnelobiT

        0, tqqEc
nEn (5.3)

heizenbergis warmodgenaSi piriqiT droze aris damokidebuli
sistemis talRuri funqcia, xolo dinamiuri sidideebis
operatorebis droze damokidebuleba ganisazRvreba Semdegi
gantolebebiT

         tpHitp
dt
dtqHitq

dt
d

iiii ,ˆˆ;ˆ,ˆˆ

 (5.4)

amasTanave     ttptqH ,ˆ,ˆˆ hamiltoniani gamoisaxeba heizenbergis

operatorebiT  tq̂ da  tp̂ -Ti, romlebic akmayofileben kanonikur
komutaciur Tanafardobebs

     ikki itqtp ˆ,ˆ (5.5)

Sredingeris da heizenbergis Tanafardobebi unitaruli
gardaqmnebiT arian erTmaneTTan dakavSirebuli:

     qtUtq 0
ˆ,  (5.6)

Tu hamiltoniani droze cxadad ar aris damokidebuli, maSin

 










tHitU
ˆ

expˆ da operatorebs Soris Tanafardobas Semdegi saxe

aqvs

  

tHi

SH

tHi

H efetf
ˆˆ

ˆˆ 
 (5.7)
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5.1. Sredingeris droiTi gantolebis saSualebiT gamoTvaleT A
fizikuri sididis saSualos droiT warmoebuli da daamtkiceT,
rom

a)  AHi
t
A

dt
Ad ˆ,ˆ

ˆˆ






 ;  b)

dt
dAA

dt
d



5.2 davamtkicoT Semdegi operatoruli tolobebi

a)  
dt
Bd

dt
AdBA

dt
d ˆˆˆˆ  ; b)  

dt
BdAB

dt
AdBA

dt
d ˆˆˆˆˆˆ 

5.3 davamtkicoT Semdegi moZraobis gantolebebi operatoruli
formiT

Aa)
m
p

dt
dx xˆ ; b)

x
U

dt
pd x





ˆ

5.4.erenfestis Teoremis Tanaxmad, saSualo mniSvnelobani
meqanikuri sidideebisa emorCilebian klasikuri meqanikis

kanonebs. davamtkicoT, rom nawilakis  xU potencialur velSi
moZraobisas samarTliania Semdegi tolobebi

Aa)
m
p

dt
dx x ; b)

x
U

dt
dpx






5.5. davamtkicoT, rom nawilakis  xU potencialur velSi
moZraobisas samarTliania Semdegi operatoruli tolobebi

a)  xppx
m

x
dt
d

xx ˆˆ12  ; b)  
x
Ux

m
p

px
dt
d x

x 



2ˆ

ˆ ;

g)   














 xxx p
x
U

x
Upp

dt
d ˆˆˆ 2

5.6.vipovoT nebismier eleqtromagnitur velSi moZravi damuxtuli

uspino nawilakis rv ˆˆ 
 siCqaris operatori.

5.7.vipovoT nebismier eleqtromagnitur velSi moZravi damuxtuli

uspino nawilakis vw ˆˆ 
 aCqarebis operatori.

5.8.vaCvenoT, rom droze cxadad damoukidebeli fizikuri sididis
droiT warmoebulis saSualo mniSvneloba stacionalur
mdgomareobaSi nulis tolia.

5.9.vaCvenoT, rom diskretul speqtris stacionalur
mdgomareobaSi nawilakze moqmedi Zalis saSualo nulis tolia.
miTiTeba: amocana amoxseniT 2 meTodiT a) gamoiyeneT wina 5.8
amocanis Sedegi. b) uSualod gaawarmoeT droiT Zalis
operatori.

5.10. vaCvenoT, rom  rp
dt
d ˆˆ  operatoris gasaSualoebiT (iseve

rogorc es xdeba klasikur meqanikaSi) SeiZleba miviRoT
virialis Teorema kvantur meqanikaSi.

5.11. vaCvenoT, rom sivrcis SemosazRvrul areSi N damuxtuli
nawilakis sistemisaTvis sruldeba Semdegi toloba

     
m

nminm iNdEE
e
m 3,2,12 2
22



51

sadac  nmid sistemis dipoluri momentis matriculi elementebia,

ajamva warmoebs sistemis yvela stacionaluri mdgomareobebiT,
xolo m da e sistemis TiToeuli nawilakis masa da muxtia.

miTiTeba: gamoiyeneT dipoluri operatoris ganmarteba 



N

a
aii xed

1

ˆ

da komutatiuroba aix̂ koordinatisa da bkx̂ siCqaris

operatorebisa sxvadasxva nawilakisTvis  ba  .

5.12. ganvixiloT Sredingeris gantoleba, romelSic

potencialuri energia kompleqsuri funqciaa:      riUrUrU 10  ,

sadac 0U da 0U namdvili funqciebia. gamoarkvieT Seinaxeba Tu

ara aseT velSi moZravi nawilakis talRuri funqciis norma.
droSi normis cvlileba SeiZleba aixsnas rogorc nawilakebis
STanTqma an gaCena gareSe velSi. rogor aris dakavSirebuli
amgvar procesebTan potencialis warmosaxviTi nawilis niSani?
miTiTeba: Sredingeris gantolebidan miiReT uwyvetobis
gantoleba, romelic Semdeg aintegreT mTeli moculobiT.

5.13. nawilakis stacionaluri mdgomareobis talRuri funqcia
sawyiss momentSi aris

 
a
xAtxn
3sin0, 

ipoveT talRuri funqcia drois nebismier momentSi. ra T drois
Semdeg daubrundeba sistema sawyiss mdgomareobas.
miTiTeba: gamoiyeneT trigonometriuli formula

zzz 3sin
4
1sin

4
3sin 3 

5.14. rogor icvleba droSi brtyeli rotatoris talRuri
funqcia, Tu cnobilia, rom sawyiss momentSi is aRiwereba
Semdegi talRuri funqciiT

   2sin0, At 
ra T drois Semdeg daubrundeba sistema sawyiss mdgomareobas.
5.15. rogor icvleba droSi sivrculi rotatoris mdgomareoba,
Tu cnobilia, rom sawyiss momentSi is aRiwereba Semdegi
talRuri funqciiT

   2cos0, At 
ra T drois Semdeg daubrundeba sistema sawyiss mdgomareobas.
5.16.Tavisufali nawilakis mdgomareoba sawyiss momentSi
aRiwereba talRuri funqciiT

  










ximv
a
xAtx 0
2

2

2
exp0,

vipovoT nawilakis talRuri funqcia drois nebismier momentSi

da    tptx , saSualoebi.

miTiTeba:  0,  tx funqcia gaSaleT impulsis operatoris
sakuTar funqciebad.
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5.17. Tavisufali nawilakis mdgomareoba 0t momentSi aRiwereba

normirebuli  x0 talRuri funqciiT (amasTan viciT talRuri

funqciis saxe  p0 impulsur warmodgenaSi). vipovoT  talRuri

funqciis asimptoturi yofaqceva  tx, , roca t . darwmundiT,
rom inaxeba talRuri funqciis norma.

5.18. vaCvenoT, rom Tu 1̂f da 2f̂ sistemis moZraobis integralebia,

maSin 12211
ˆˆˆˆˆ ffffg  da  12212

ˆˆˆˆˆ ffffig  operatorebic
moZraobis integralebia.

5.19.vaCvenoT, rom erTgvarovan velSi tFpG 0
ˆˆ 
 operatori

Senaxvadi sididis Sesabamisi operatoria. ( 0F


aris Zala,

romelic nawilakze moqmedebs). Sedegi SeadareT klasikuri
meqanikis Sedegs.
5.20. ipoveT Tavisufali nawilakis koordinatisa da impulsis
heizenbergis operatorebi  .
miTiTeba. gamoiyeneT ori meTodi: a)Sredingerisa da heizenbergis
warmodgenebis damakavSirebeli unitaruli gardaqmna b)
amoxseniT heizenbergis opratorebisaTvis moZraobis gantoleba.
5.21. igive, rac wina 5.20 amocanaSi nawilakisaTvis, romelic

moZraobs erTgvarovan velSi xFU 0 .

5.22. igive, rac wina 5.21 amocanaSi wrfivi harmoniuli
oscilatorisaTvis.
5.23. gamoiyeneT heizenbergis operatorebi  koordinatisa
da impulsisaTvis da wina 5.20 - 5.22 amocanebSi ganxiluli
sistemebisaTvis ipoveT Semdegi saSualoebi

        22 ][,][,, tptxtptx 

sistemebis talRuri funqciaa

   










 

 2

2
00

2
exp

a
xxxip

Ax


5.24. heizenbergis opratorebisaTvis moZraobis gantolebis

gamoyenebiT davamtkicoT, rom      ikki itxtp ˆ,ˆ
5.25. 5.20-5.22 amocanebSi miTiTebuli sistemebisaTvis ipoveT

’’sxvadasxva’’ droiani komutatori     txtp ˆ,ˆ
5.26.nawilaki imyofeba erTgvarovan droSi cvalebad velSi,

amasTan Zala   0tF , roca t . ipoveT Zalis moqmedebis
Sedegad nawilakis saSualo energiis cvlileba.
5.27.vipovoT unitaruli operatori, romelic Seesabameba
galileis gardaqmnas anu gadasvlas axal inerciul aTvlis
sistemaSi. darwmundiT Sredingeris gantolebis invariantobaSi
am gardaqmnis mimarT. rogor gardaiqmneba am dros nawilakis
talRuri funqcia koordinatul da impulsur warmodgenebSi.
5.28. vipovoT unitaruli operatori, romelic Seesabameba
eleqtromagnituri velebis yalibrul gardaqmnas. darwmundiT
Sredingeris gantolebis invariantobaSi am gardaqmnis mimarT.
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5.29. damuxtuli nawilakisaTvis, romelic imyofeba erTgvarovan
magnitur velSi, ipoveT nawilakis radius-veqtoris da  impulsis
operatorebi heizenbergis warmodgenaSi. airCieT veqtoruli

potencialis Semdegi yalibroba  0,,0 0xHA 


(magnituri veli

mimarTulia z RerZis gaswvriv.
miTiTeba. gamoiyeneT ori meTodi: a)Sredingerisa da heizenbergis
warmodgenebis damakavSirebeli unitaruli gardaqmna b)
amoxseniT heizenbergis opratorebisaTvis moZraobis gantoleba
5.30. 5.20-5.22 amocanebSi ganxiluli sistemebisaTvis vipovoT

hamiltoniani  tĤ da SeadareT is  0ˆ tH -s.

5.31. romeli meqanikuri sidideebi (energia, impulsis proeqcia,
impulsis momentis kvadrati da proeqcia) inaxeba nawilakis
Semdeg velebSi moZraobisas:
a) velis ararsebobisas (Tavisufali moZraoba)

b) erTgvarovani potenciuri veli   azzU  , sadac a mudmivia.

g) centralur –simetriuli veli  rU .

d) erTgvarovani cvladi veli    ztatzU ,
5.32. nawilaki imyofeba garkveul  tx, mdgomareobaSi, romelic

ar aris sakuTari funqcia Â operatorisa. Â operatori cxadad
ar aris damokidebuli droze da komutirebs

Ĥ hamiltonianTan.vaCvenoT, rom
a) inaxeba Asididis saSualo.
b) Asididis garkveuli mniSvnelobebis povnis albaTobebi ar
aris droze damokidebuli.
5.33. rogor  Seicvleba stacionaluri mdgomareobis aRmweri

sruli talRuri funqcia  tx, , Tu SevcvliT potenciuri

energiis aTvlis wertils garkveuli U sididiT.
5.34. vipovoT Sredingeris droiTi gantolebis amonaxsni
Tavisufali nawilakisTvis, romelic moZraobs P impulsiT
X RerZis dadebiTi mimarTulebiT.

5.35. vipovoT  tx, sruli talRuri funqciis 2.7 amocanis
talRur funciebad gaSlis koeficientebi.

5.36.m masis nawilakis talRuri funqciaa

  













itmxa

Aetx 

2

,
sadac A da a namdvili dadebiTi mudmivebia.
a) ipoveT A .
b) romeli )(xV potencialisaTvis  tx, talRuri funqcia
akmayofilebs Sredingeris gantolebas?

miTiTeba: gamoTvaleT  tx, -is pirveli warmoebuli droiT da
meore warmoebuli koordinatiT da CasviT Sredingeris droiT
gantolebaSi.
5.37. m masis nawilakis talRuri funqciaa

  













itmxa

Aetx 

2

,
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ipoveT x , 2x , x , p , 2p , p .akmayofilebs Tu ara

heizenbergis Tanafardobas x p namravli?

5.38. normirebuli stacionaluri mdgomareobebisaTvis
davamtkicoT, rom E namdvili sididea.

miTiTeba:     

Eti
extx


 , gamosaxulebaSi CawereT  iEE 0 ,

(sadac 0E da  namdvili ricxvebia) da aCveneT, rom Tu sruldeba

piroba  




 1, 2 dxtx yvela t -Tvis, maSin aucileblad 0 .

5.39. 0t momentSi 2.7 amocanis talRuri funqcia pirveli ori
stacionaluri donis superpoziciaa Tanabari woniTi wvliliT

    xxAx 21 )(0,  
Aa) ipoveT A ;
miTiTeba: gamoiyeneT 1 da 2 funqciebis orTogonalobis piroba

b) ipoveT  tx, da   2, tx . moxerxebulobisaTvis SemoiReT

sidide 2

2

2ma
  ;

g) gamoTvaleT x . es saSualo droSi oscilirebs.ipoveT am

oscilaciis sixSire da amplituda;

d) ipoveT p ;

e) ipoveT H
5.40. wina (5.39) amocanis talRuri funqciaSi SemovitanoT fazuri
 mamravli

    xexAx i
21 )(0,  

ipoveT  tx, ,   2, tx da x . SeadareT Sedegebi wina amocanis

Sedegebs. ganixileT
2
  da   SemTxvevebi.

5.41.nawilakis yofaqceva erTganzomilebian ormoSi

 ax ,0 aRiwereba sawyisi talRuri funqciiT    xaAxx  0, ,

sadac A mudmivaa. ipoveT  tx, .

miTiTeba: gamoiyeneT 5.35 amocanis Sedegi  tx, is sapovnelad.

5.42. harmoniuli oscilatoris talRuri funqciaa

      xxAx 100,  
sadac A mudmivaa.
a) ipoveT A mudmiva.

b) ipoveT  tx, da   2, tx
g) ipoveT x rogorc drois funqcia. SevniSnoT, rom is

oscilirebs. ipoveT am oscilaciis amplituda da kuTxuri
sixSire.
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d) gamoiyeneT g) Sedegi da ipoveT p . SeamowmeT, rom

erenfestis Teorema am mdgomareobisaTvis sruldeba.

5.43. ganixileT moZravi delta –funqciani kedeli

   vtxtxV  ,
sadac v aris kedlis mudmivi siCqare.
a) aCveneT, rom droze damokidebul Sredingeris gantolebas aqvs
zusti amonaxsni

  



mvxtmvE
i

vtxm

eemtx







 







2

2
2
1

,




sadac 2

2

2
mE  aris bmuli mdgomareobebis energia.

miTiTeba: pirdapiri CasmiT aCveneT, rom kmayofildeba
Sredingeris droze damokidebuli gantoleba.

b) ipoveT hamiltonianis saSualo H am mdgomareobaSi da

gaanalizeT miRebuli Sedegi.

5.44. a) aCveneT, rom

   


























  titi axe

m
tieaxmmtx 


 21

22
exp, 2

2
24

1




talRuri funqcia akmayofilebs droze damokidebul
Sredingeris gantolebas harmoniuli oscilatorisaTvis

  22

2
1 xmxV  potencialiT

aq a namdvili mudmivaa.

b) ipoveT   2, tx
g) gamoiTvaleT x da p da SeamowmeT, rom kmayofildeba

erenfestis Teorema.
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Tavi 6. kvantur-meqanikuri amocanebis amoxsnis
miaxloebiTi meTodebi.

ZiriTadi cnebebi da formulebi

SeSfoTebis Teoriis meTodebi dafuZnebulia hamiltoninis
Semdegi saxiT warmodgenaze

VHH ˆˆˆ
0  (6.1)

sadac V̂ SeSfoTeba mcire Sesworebaa da igulisxmeba, rom

0Ĥ SeuSfoTebeli hamiltonianiT cnobilia Sredingeris

gantolebis amoxsnebi. es meTodebi saSualebas iZlevian
Tanmimdevruli iteraciebis gamoyenebiT ganvixiloT is efeqtebi,
rasac iwvevs SeSfoTebis zemoqmedeba.

1) stacionalur SemTxvevaSi, rodesac 0Ĥ da V̂ anu Ĥ ar arian

droze damokidebuli, maSin Ĥ hamiltonianis diskretuli
speqtris sakuTari mniSvnelobani da Sesamabamisi sakuTari
funqciebi Semdegi SeSfoTebis mwkrivis saxiT warmoidgineba

      ...210  nnnn EEEE (6.2)

  
m

mnmn c 0 ;     ...10  nmnmnm ccc (6.3)

sadac  0
nE da  0

n speqtri da sakuTari funqciebia

0Ĥ SeuSfoTebeli hamiltonianis. maSin Tu SeuSfoTebeli
 0
nE doneebi gadaugvarebelia, gveqneba

       
   



m mn

nnnn EE

nVm
EnVnVE 00

2

2001
ˆ

,ˆˆ (6.4)

(am jamSi ar gvaqvs nm  Sesakrebi), xolo sakuTari
funqciebisaTvis

     
    nk
EE
nVk

ccc
kn

nknnnknk 


 ,
ˆ

;0; 00
110  (6.5)

SeSfoTebis Teoriis gamoyenebis kriteriumia  kn  :
   00ˆ

kn EEnVk  (6.6)

Tu  SeuSfoTebeli  0
nE done sjeradad gadagvarebelia da mas

Seesabameba urTierTorTogonaluri sakuTari funqciebi  0
,n ,

sadac ,,...2,1 s maSin nulovani miaxloebis swori sakuTari

funqciebia
    



0
,

0

nn c (6.7)

da Sesabamisi energiis pirveli rigis  1
nE Sesworebebi

ganisazRvrebian Semdegi gantolebaTa sistemidan
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 0nV̂ 01 cEn n (6.8)

(6.8) sistemis aratrivialuri amoxsnadobis moTxovnidan
vRebulobT sekularul gantolebas

  0ˆ 1   nEnVn (6.9)

romlis  1
nE fesvebi (maTi ricxvi aris s ) gansazRraven

0Ĥ SeuSfoTebeli hamiltonianis doneebis gaxleCas (Tu yvela
 1
nE fesvi gansxvavebulia, maSin gadagvareba mTlianad ixsneba,

jeradi fesvebis arsebobisas ki gadagvareba nawilobriv ixsneba)
da am fesvebis (6.8) sistemaSi Casma saSualebas iZleva vipovoT
nulovan miaxloebaSi Sesabamisi qvedoneebis talRuri funqciebi.
2) rig SemTxvevebSi gamoiyeneba variaciuli meTodi energiis
doneebis gamosaTvlelad. am meTodis safuZvels warmoadgens
Semdegi utoloba

  dqHE  ˆ
0 (6.10)

sadac 0E ZiriTadi mdgomareobis energiaa (anu im mdgomareobisa,

romlis energiac minimaluria), Ĥ hamiltonis operatoria, xolo
 nebismieri normirebuli funqciaa, romelTac sacdeli

funqciebi ewodebaT. variaciuli meTodiT amocana Semdegnairad
ixsneba:
a) irCeven normirebul sacdel  funqciebs, romlebic garkveul

 , da a.S. parametrebzea damokidebuli.

b) iTvlian funqcionals     dqHJ  ˆ,..., , romelic imave

parametrebzea damokidebuli
g) pouloben  , da a.S. parametrebis im mniSvnelobebs,

romelTaTvisac J minimums aRwevs,risTvisac aucilebelia
gantolebaTa sistemis amoxsna

...,0,0 








JJ

(6.11)

sacdeli funqciis warmatebiT SerCevisas energiis miRebuli
mniSvneloba

 ,..., 000 JE  (6.12)

axlos iqneba energiis namdvil mniSvnelobasTan gamoyenebuli
parametrebis mcire raodenobisTvisac ki.
variaciuli meTodi SeiZleba gamoyenebuli iqnas aRgznebuli
mdgomareobebisTvisac. ase magaliTad, pirveli aRgznebuli
donis sapovnelad napovni unda iqnes Semdegi funqcionalis
minimumi

  dqHJ 111
ˆ (6.13)

sadac 1 normirebuli funqciaa, romelic orTogonaluria
ZiriTadi mdgomareobis talRur funqciasTan. aseve SeiZleba
iqnas napovni ufro maRali aRgznebis talRuri funqciebi.
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aucilebelia aRiniSnos, rom energiis zusti mniSvnelobebi
 0
nE da variaciuli meTodiT miRebuli nE mniSvnelobebi Semdeg

utolobas akmayofileben
 

nn EE 0 (6.14)

variaciuli meTodiT napovni talRuri funqciebiSeiZleba ar

iyvnen Ĥ hamiltonis operatoris sakuTari funciebi. isini
sakuTari funqciebi mxolod maSin gaxdebian, Tu parametrebis
warmatebuli arCevisas variaciuli meTodiT vRebulobT zust
amonaxsnebs. am SemTxvevaSi (6.14) TanafardobaSi gveqneba toloba.

3) droze damokidebuli  tV̂ SeSfoTebis SemTxvevaSi Sredingeris
droze damokidebuli gantolebis

  

 tVH
t

i ˆˆ
0 (6.15)

talRuri funqciisaTvis gvaqvs

   
 

    









k
k

k
k qtiEtatq 0

0

exp,


(6.16)

romelSic  tak koeficientebi akmayofileben Semdeg sistemas

   
k

kmkmk
m atitV
dt
da

i exp (6.17)

sadac

          
   




 



00
00 ;ˆ km

mkqkmmk
EE

dqtVqtV  (6.18)

(6.17) sistemis amoxsna Tanmimdevruli iteraciebiT

        ...10  tatata kkk (6.19)

iZleva    consttak 0 . Semdgom Tu CavTvliT, rom   0ˆ tV , roca

t da am dros (anu SeSfoTebis CarTvamde) sistema imyofeba
diskretuli speqtris me - n mdgomareobaSi da amitom

  nkk ta  , virCevT    
nkknk aa  00 . pirveli rigis

SesworebisaTvis    01 takn pirobis gaTvaliswinebiT (6.17)

sistemidan vRebulobT

    



t

ti
knkn dtetVita kn


1 (6.20)

Tu t _Tvis  tV̂ SeSfoTeba qreba, maSin   takn
1 SeSfoTebis

pirvel rigSi gansazRravs imis albaTobas, rom sistema sawyisi
me- n mdgomareobidan gadavides saboloo k -ur )( nk 
mdgomareobaSi misi mTeli moqmedebis manZilze:

    
2

2
1 1






 dtetVknW ti
kn

kn


(6.21)
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6.1 SeSfoTebis stacionaluri Teoria

6.1. nawilakisaTvis, romelic imyofeba a siganis usasrulo
simaRlis potencialur ormoSi, SeSfoTebis Teoriis pirvel
rigSi vipovoT energiis wanacvleba Semdegi SeSfoTebebisas

a)    axa
a
V

xV  20

b)  








axbabx

baxbV
xV

,0,0
,0

SeiswavleT SeSfoTebis Teoriis gamoyenebis pirobebi am
amocanisaTvis
6.2. vaCvenT, rom wina 6.1. amocanis nawilakis energetikuli

doneebis pirveli rigis  1E Sesworeba nebismieri  xV
SeSfoTebisas sakmarisad zeda doneebisTvis (didi n -sTvis), ar
aris damokidebuli n -ze.
6.3. damuxtuli wrfivi oscilatori moTavsebulia erTgvarovan
eletrul velSi, romlis 


daZabulobis veqtori mimarTulia

oscilatoris rxevis RerZis gaswvriv. ganixileT eleqtruli
velis zemoqmedeba, rogorc SeSfoTeba da ipoveT SeSfoTebis
Teoriis farglebSi energetikuli doneebis pirveli ori rigis
Sesworeba. miRebuli Sedegi SeadareT amocanis zust amonaxsns.
6.4. damuxtuli nawilaki imyofeba ZiriTad mdgomareobaSi
erTganzomilebian usasrulo simaRlis potencialur ormoSi da
masze moqmedebs erTgvarovani eletruli veli. ganixileT
eleqtruli velis zemoqmedeba, rogorc SeSfoTeba da ipoveT
SeSfoTebis Teoriis farglebSi energetikuli doneebis pirveli
ori rigis Sesworeba.
6.5. oscilatoris hamiltonians Semdegi saxe aqvs

222
ˆˆ

222 xkx
m
pH 



ganixileT
2

2x
wevri, rogorc SeSfoTeba da ipoveT SeSfoTebis

Teoriis farglebSi energetikuli doneebis pirveli ori rigis
Sesworeba. SeiswavleT miRebuli SeSfoTebis mwkrivis
krebadobis sakiTxi.
6.6. nawilakze, romelic imyofeba a siganis usasrulo simaRlis
potencialur ormoSi, modebulia Semdegi SeSfoTeba

 
a
xVxV 2

0 cos

ipoveT SeSfoTebis Teoriis farglebSi energetikuli doneebis
pirveli ori rigis Sesworeba.
6.7. wina 6.6 amocanaSi ipoveT SeSfoTebis Teoriis farglebSi
nawilakis ZiriTadi energetikuli donis mesame rigis Sesworeba.
6.8. ipoveT SeSfoTebis Teoriis farglebSi energetikuli
doneebis pirveli ori rigis Sesworeba 6.1 amocanis pirobebSi,
rodesac SeSfoTebas Semdegi saxe aqvs:
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   2/axxV 
SeiswavleT SeSfoTebis Teoriis gamoyenebis pirobebi am
amocanisaTvis.
6.9. rogorc cnobilia, SeSfoTebis Teoriis farglebSi pirveli
rigis Sesworebas Semdegi saxe aqvs

     
    



k kn

kn
nkknknn nk

EE
V

cc ;; 00
001

xolo  1
nnc koeficientebis mniSvnelobebi ganusazRreli rCeba.

(rogorc wesi Tvlian, rom   01 nnc ). axseniT Tu ratom warmoiSveba

es ganuzRvreloba. SenarCundeba Tu ara es ganuzRvreloba  p
nnc -

ebis gamoTvlisas SeSfoTebis Teoriis ufro maRal rigebSi?

6.10. I inerciis momentis da d


eleqtruli dipoluri momentis
mqone brtyeli rotatori imyofeba erTgvarovan eleqtrul

velSi, romlis 0


daZabulobis veqtori moTavsebulia

rotatoris brunvis sibrtyeSi. ganixileT eleqtruli velis
zemoqmedeba, rogorc SeSfoTeba da ipoveT rotatoris ZiriTadi
mdgomareobis polarizacia.

6.11. I inerciis momentis da d


eleqtruli dipoluri momentis

mqone sivrculi rotatori ( d


paraleluria rotatoris RerZis)

moTavsebulia 0


daZabulobis mqone erTgvarovan eleqtrul

velSi. ganixileT eleqtruli velis zemoqmedeba, rogorc
SeSfoTeba da ipoveT rotatoris ZiriTadi mdgomareobis
polarizacia.
6.12. vipovoT brtyeli harmoniuli oscilatoris pirveli
aRgznebuli donis gaxleCa xyV  ( yx, sibrtyeSi xdeba rxeva)

SeSfoTebis zemoqmedebis gamo SeSfoTebis Teoriis pirvel
rigSi.
6.13. vipovoT brtyeli harmoniuli oscilatoris meore
aRgznebuli donis gaxleCa xyV  ( yx, sibrtyeSi xdeba rxeva)

SeSfoTebis zemoqmedebis gamo SeSfoTebis Teoriis pirveli
rigSi.

6.14. damuxtuli nawilaki moZraobs erTganzomilebian  xU 
potencialur velSi. vipovoT energiis gaxleCa sust eleqtrul
velSi da  ZiriTadi donis polarizacia.

miTiTeba: gamoiyeneT Semdegi integrali
 222

4sin
kx

kdxekxx x











da damatebis (A.10) integrali.

6.15.. I inerciis momentis da d


eleqtruli dipoluri momentis
mqone brtyeli rotatori imyofeba Zlier eleqtrul velSi










I

d
2 . vipovoT rotatoris speqtris qveda nawilis

energetikuli doneebisa da talRuri funqciebis miaxloebiTi
saxe.
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miTiTeba: Zlier eleqtrul velSi rotatoris qveda doneebi

lokalizebulia mcire kuTxeeze 1 .amitom  cosdU 
energia gaSaleT mwkrivad  -s mixedviT da SemiofargleT

gaSlis 2 wevriT.

6.16. I inerciis momentis da d


eleqtruli dipoluri momentis
mqone sivrculi rotatori imyofeba Zlier eleqtrul velSi










I

d
2 . vipovoT rotatoris speqtris qveda nawilis

energetikuli doneebisa da talRuri funqciebis Sesworebebi
SeSfoTebis Teoriis pirveli rigSi.
miTiTeba: amocana ixsneba 6.15 amocanis analogiurad.

6.17. nawilaki imyofeba brunvis elifsoidis SigniT, romlis
potencialia

 




















1,

,1,0
,,

2

2

2

22

2

2

2

22

b
z

a
yx
b
z

a
yx

zyxU

amasTan aba  . vipovoT SeSfoTebis Teoriis pirveli rigSi

nawilakis ZiriTadi energiis donis Sesworeba. SeuSfoTebel
obieqtad CaTvaleT elifsoidis moculobis sfero.

miTiTeba: SemoiReT axali cvladebi
b
azzyyxx  ,, da

SesSfoTebis operatorad ganixileT Semdegi operatori

  2

2
2

2
2

2
ˆ

zm
V




 
, sadac 1 ganisazRvreba  ba  1

Tanafardobidan.

6.18. nawilaki imyofeba Semdeg centralur velSi

 
1

0




a
r

e

U
rU

amasTan 12
0

2




Uma
.SeSfoTebis Teoriis pirveli rigSi vipovoT

amocanis energetikuli speqtris qveda nawilis gansxvaveba

r
aU

rU 0)( 


kulonuri  potencialis speqtrisagan.

miTiTeba:SeSfoTebis operatorad aiReT     












r
a

ar
UrV

1/exp
1

0

operatori da Semdeg es operatori gaSaleT ar / xarisxebis
mwkrivad pirvel rigamde.

6.19. nawilaki imyofeba iukavas potencialis velSi

 
r
erU
a
r
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amasTan 12
0 



Uma
. SeSfoTebis Teoriis pirveli rigSi vipovoT

amocanis energetikuli speqtris qveda nawilis gansxvaveba

r
aU

rU 0)( 


kulonuri  potencialis speqtrisagan .

miTiTeba: amocana ixsneba 6.18 amocanis analogiurad.

6.20. nawilakisaTvis romelic moZraobs Semdeg centralur
velSi

  0;20;   p
r

rU p

vipovoT lnrE energetikuli doneebi didi 1l orbitaluri

momentisaTvis. (amasTan rn radialuri ricxvi SesaZloa arc ise
didi iyos). SeiswavleT SeSfoTebis Teoriis gamoyenebis pirobebi
am amocanisaTvis. kulonuri velisaTvis )1( p miRebuli Sedegi

SeadareT amocanis zust amonaxsns.

miTiTeba: gaSaleT efeqturi potenciali
 
2

2

2
1

mr
ll

r
U peff





minimumis wertilis 0r -is maxloblad

6.21. nawilakisaTvis romelic moZraobs Semdeg centralur velSi

  0,;   rrU
vipovoT 0lnrE energetikuli doneebi didi 1l orbitaluri

momentisaTvis. (amasTan rn radialuri ricxvi SesaZloa arc ise
didi iyos). SeiswavleT SeSfoTebis Teoriis gamoyenebis pirobebi
am amocanisaTvis. sferuli oscilatorisaTvis )2(  miRebuli

Sedegi SeadareT amocanis zust amonaxsns.
miTiTeba: amocana ixsneba 6.20 amocanis analogiurad.

6.22.vipovoT SeSfoTebis Teoriis  2
n meore rigis Sesworeba

talRuri funqciisaTvis.

6.23.vipovoT SeSfoTebis Teoriis  2
nE mesame rigis Sesworeba

energiis donisaTvis.
6.24.vipovoT energiis doneebi wrfivi anharmoniuli
oscilatorisaTvis, romlis hamiltoniania

43
222

22
ˆˆ xxxm
m
pH 



6.25. vipovoT SeSfoTebis Teoriis pirveli rigis Sesworeba
energiis sakuTari mniSvnelobisaTvis da nulovani rigis swori
funqciebi orjeradad gadagvarebuli donisaTvis.
6.26. vipovoT SeSfoTebis Teoriis meore rigis Sesworeba
energiis sakuTari mniSvnelobisaTvis orjeradad gadagvarebuli
donisaTvis.
6.27.nawilaki imyofeba sferuli simetriis velSi (SeuSfoTebeli

amocana) da misi energiis doneebia nlE . ipovoT SeSfoTebis

Teoriis pirveli rigSi energiis Sesworeba  rodesac erTveba
OZ gaswvriv mimarTuli susti magnituri veli.
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6.28. aCveneT, rom ZiriTadi mdgomareobis energiis meore rigis
Sesworeba yovelTvis uaryofiTi sididea
6.29. sistemis SeSfoTeba imaSi mdgomareobs, rom
erTganzomilebiani a siganis usasrulo simaRlis potencialuri

ormos fskeri 0V mudmiviT aiwia mxolod  2/,0 ax intervalSi.

vipovoT SeSfoTebis Teoriis pirveli Sesworebebi energiasa da
talRur funqciaSi.
6.30. vipovoT energiis pirveli Sesworeba nawilakisaTvis,

romelic moZraobs 0x siganis da usasrulo simaRlis

erTganzomilebian potencialur ormoSi, Tu SeSfoTebis energias
aqvs saxe

CV ˆ roca 2/0 0xx 

CV ˆ roca 00 2/ xxx 
sadac C mudmivia.
6.31. ganvixiloT kvanturi qanqara, romlis hamiltoniania




cos
2

ˆ
2

2

2

2






ma

H 

sadac potencialuri energia  cosV , ganixileba rogorc
SeSfoTeba. vipovoT am sistemisTvis SeSfoTebis Teoriis
pirveli da meore rigis Sesworebebi energiisaTvis
6.32. erTganzomilebiani a siganis usasrulo simaRlis
potencialuri ormoSi moTavsebul nawilakze moqmedebs
SeSfoTeba qxV  . vipovoT SeSfoTebis Teoriis pirveli rigis
Sesworebebi energiisa da talRuri funqciasaTvis.

6.33.    00
mnmn EEV  Tanafardoba warmoadgens SeSfoTebis

Teoriis gamoyenebis aucilebel pirobas. rogorc magaliTi

aCveneT, rom   322

2
1 xxmxV   velSi moZravi nawilakisaTvis es

piroba ar aris sakmarisi.
6.34. wyalbadis atomSi birTvis muxtis erTiT protoniT
gazrdisas, SeSfoTebis Teoriis pirvel rigSi vipovoT energiis
cvlileba

6.35.rogor Seicvleba wyalbadis atomis pirveli agznebuli
donis energia, Tu protons ganvixilavT ara rogorc wertils,

aramed CavTvliT mas mcire 13105 b sm radiusis mqone Tanabrad
damutul sferod.
miTiTeba: SeSfoTebis operatorad ganixileT operatori:

   








br
brbrbrerV

,0
,2/2/3/1ˆ

322

sadac ab  ( a boris radiusia).
6.36. nawilaki imyofeba organzomilebian simetriul usasrulo
simaRlis potencialur ormoSi. amasTanave nawilaki moqmedebs
mcire SeSfoTebac CxyW  , sadac C mudmivaa. vipovoT energiis

SeSfoTebis Teoriis pirveli rigis Sesworeba
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6.37.nawilakis hamiltonians Semdegi saxe aqvs















ar
m
p

arrm
m
p

H
;

2

0;
22

2

222 

sadac 22 yxr  . ipoveT ZiriTadi mdgomareobis energiis

SeSfoTebis Teoriis pirveli da meore rigis Sesworebebebi.
miTiTeba: SeSfoTebis operatorad ganixileT operatori:










arrm

ar
V

:2/

0;0
22

6.38. m masis da 2

223
ma

E 
 energiis mqone nawilaki imyofeba

samganzomilebian usasrulo simaRlis potencialur ormoSi.
masze z mimarTulebiT moqmedebs susti eleqtruli veli zeW  .
vipovoT energiis SeSfoTebis Teoriis pirveli rigis Sesworeba

6.2 variaciuli meTodi

6.39.variaciuli meTodis gamoyenebiT vipovoT









0;
0;

)( 0

x
xxF

xU

velSi moZravi nawilakis ZiriTadi mdgomareobis energia. sacdel

funqciebad aiReT: a) xAxe  ; b) 2

2x

Bxe




6.40. variaciuli meTodis gamoyenebiT vipovoT nawilakis
ZiriTadi mdgomareobis energia, romelic moZraobs Semdeg velSi

   xxU 

sacdel funqciad aiReT: a)   ;1
1

2

2 










a
xAx b)  

2

2

2
1












a
xBx

sadac a variaciuli parametria. Sedegi SevadaroT zust amonaxnx.
6.41. variaciuli meTodis saSualebiT vipovoT nawilakis pirveli
agznebuli donis energia, romelic moZraobs wrfivi

oscilatoris velSi. sacdel funqciad aiReT:
xAxe  , sadac

 variaciuli parametria. Sedegi SevadaroT zust amonaxnx.
6.42.vipovoT erTganzomilebiani usasrulo simaRlis da a
siganis potencialur ormoSi moZravi nawilakis ZiriTadi  donis

energia. sacdel funqciebad aiReT Aa)    ;axAxx  b)

  ;sin 2
a
xx 

 g)   








22
axaCx . Sedegi SeadareT zust Sedegs.

axseniT yvelaze karg Tanxvedras ratom iZleva a) funqcia.
6.43.vipovoT erTganzomilebiani usasrulo simaRlis da a
siganis potencialur ormoSi moZravi nawilakis pirveli
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agznebuli donis energiebi. sacdel funqciebad aiReT

  xaxaBx  2/ . Sedegi SeadareT zust amonaxnx.

6.44. erTnairi m masis ori nawilaki imyofeba erTganzomilebian
usasrulo simaRlis da a siganis potencialur ormoSi da
erTmaneTTan urTierTqmedeben, rogorc ori SeuRwevadi wertili

anu   0, 21  xx , roca 21 xx  . vipovoT ZiriTadi donis energia.
sacdel funqciebad aiReT umartivesi polinomebi, romlebic
akmayofileben amocanis pirobebs
miTiTeba: sacdel funqciad aiReT

   axxxaxxAx  21221 0,
6.45variaciuli meTodis saSualebiT (sacdel funqciad aiReT

  0;   rCer variaciuli parametria) miiReT centralur  rU
velSi (amasTan   0rU roca r ) bmuli donis arsebobis
sakmarisi piroba.
miTiTeba: daTvaleT energiis saSualo mniSvneloba da gamoiyeneT
is faqti, rom ZiriTadi donis energia naklebia an udris
saSualo mniSvnelobas.

6.46.variaciuli meTodis gamoyenebiT vipovoT erTganzomilebiani
oscilatoris ZiriTadi mdgomareobis energiis miaxloebiTi

mniSvneloba. sacdel funqciebad aiReT: a)   ;1
1

2

2 










a
xAx b)

 
2

2

2
1












a
xBx , sadac a variaciuli parametria. Sedegi

SevadaroT zust amonaxnx.
miTiTeba: integralebis gamoTvlebisas gamoiyeneT damatebis
(A.10) formula
6.47. nawilaki moZraobs Semdeg velSi

 








0,

0;0,
x

kxkx
xU

variaciuli meTodis gamoyenebiT vipovoT ZiriTadi mdgomareobis

energia. sacdel funqciebad aiReT: a)   ;xAxex  b)

  2

2x

Bxex



 , sadac  variaciuli parametria. Sedegi SevadaroT
zust amonaxnx.
6.48. nawilaki moZraobs Semdeg velSi

   







0;

0;
0 xax

x
xU


variaciuli meTodis saSualebiT vipovoT parametrebis is
mniSvnelobebi, romelTaTvisac am potencials gaaCnia bmuli

mdgomareobebi. sacdel funqciebad aiReT  0x : a)   ;xAxex 

b)   2

2x

Bxex



 . Sedegi SevadaroT zust amonaxnx.
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6.49. variaciuli meTodis saSualebiT vipovoT organzomilebian
usasrulo simaRlis potencialur a siganis ormoSi moZravi
nawilakis ZiriTadi donis energia.sacdel funqciebad aiReT: a)

     aA0 b)  
a

B
2

cos0
  . Sedegi SevadaroT zust amonaxnx.

6.50. variaciuli meTodis saSualebiT vipovoT organzomilebian
usasrulo simaRlis potencialur a siganis ormoSi moZravi

nawilakis pirveli agznebuli 1,0  mnE 
donis energia . sacdel

radialur funqciebad aiReT meore rigis polinomi, romelic
0 da a wertilebSi akmayofilebs aucilebel sasazRvro

pirobebs.
6.51. variaciuli meTodis saSualebiT vipovoT organzomilebiani
brtyeli oscilatoris ZiriTadi mdgomareobis energia. sacdel

funqciad aiReT     Ce0 , sadac  variaciuli parametria.

6.52. variaciuli meTodis saSualebiT vipovoT nawilakis
ZiriTadi mdgomareobis energia kulonur rU / velSi.

sacdel funqciad aiReT a)   22

0
rCe   b)    









ar
arraC

r
,0

,
,

sadac  da a variaciuli parametrebia

6.53. variaciuli meTodis saSualebiT vipovoT wyalbadis atomis
miaxloebiTi energia da talRuri funqciebi s2 mdgomareobaSi.

miTiTeba: sacdel funqciad aiReT
r
a
b

s e
a
rA








 
 12 , sadac

a boris pirveli radiusia, A normirebis mudmivaa, xolo b da 
variaciuli parametrebia.
6.54. variaciuli meTodis saSualebiT vipovoT nawilakis
ZiriTadi mdgomareobis energia oscilatorisaTvis

2

2krU  .sacdel funqciad aiReT a)   rCe  0 b)

   








ar
arraC

r
,0

,
, sadac  da a variaciuli parametrebia.

6.55. variaciuli meTodis saSualebiT vipovoT nawilakis
ZiriTadi mdgomareobis energia samganzomilebiani

oscilatorisaTvis.sacdel funqciad aiReT   rerA   1 sadac

 da A variaciuli parametrebia.

6.56.ganixileT erTganzomilebiani mizidvis potenciali, iseTi

rom   0xV yvela x -Tvis. variaciuli principis gamoyenebiT
aCveneT, rom am potencials gaaCnia minimum erTi done.

miTiTeba: sacdel funqciad aiReT
2

4
2 axea 




6.57. ganixileT nawilaki, romelic moZraobs erTganzomilebian

  4xxV  velSi. gamoiyeneT variaciuli meTodi da ipoveT
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ZiriTadi mdgomareobis energia.SeadareT Sedegi zust amonaxsns

3
12

0 2
06,1 k
m

E 
 , sadac 2

2


mk  .

miTiTeba: sacdel funqciad aiReT
24

1
2 xe 

 







6.58. davamtkicoT variaciuli principis Semdegi debuleba: Tu

0g , maSin fEH  , sadac fE aris pirveli aRgznebuli

donis energia.
6.59. gamoiyeneT variaciuli principi imis dasamtkiceblad, rom
SeSToTebis Teoriis pirveli rigis Sesworeba
(aragadagvarebuli speqtris SemTxvevaSi), metia an toli
ZiriTadi mdgomareobis energiaze.
6.60.  gamoiyeneT variaciuli principi imis dasamtkiceblad, rom
SeSToTebis Teoriis meore rigis Sesworeba (aragadagvarebuli
speqtris SemTxvevaSi), naklebi an tolia ZiriTadi mdgomareobis
energiaze.

6.61. Tu fotons gaaCnia aranulovani masa  0m , maSin

kulonuri potencials cvlis iukavas potenciali

 
r
eerV
r






0

2

4
sadac /cm  . variaciuli principis gamoyenebiT ipoveT am

’’wyalbadis’’ atomis bmis energia. davuSviT 1a da ipoveT

pasuxi 2)( a sizustiT (aq a boris pirveli radiusia).

miTiTeba: sacdel funqciad aiReT b
r

e
b




3

1


 . (vakeTebT

ab Secvlas wyalbadis atomTan SedarebiT).

6.3 SeSfoTebis arastacionaluri Teoria

6.62. a siganis usasrulo simaRlis ormoSi moTavsebul
nawilakze, romelic ZiriTad mdgomareobaSi imyofeboda
usasrulod warsulSi ( t ), moqmedebas iwyebs susti
erTgvarovani veli, romelic droSi Semdegnairad icvleba

a)    22
0 /exp, txFtxV 

b)    /exp, 0 txFtxV 
SeSfoTebis Teoriis pirvel rigSi ipoveT nawilakis aRgznebul
mdgomareobaSi gadasvlis albaTobebi usasrulo momavalSi
( t ). ra pirobebSia samarTliani miRebuli Sedegebi.
6.63.damuxtul wrfiv oscilatorze moqmedebs erTgvarovani
eleqtruli veli, romelic droSi Semdegnairad icvleba

a)   







 2

2

0 exp 
 tt
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b)     /exp, 0 ttx  .

CaTvaleT, rom velis CarTvamde ( t ), oscilatori
imyofeboda n -e stacionalur mdgomareobaSi da SeSfoTebis
Teoriis pirvel rigSi ipoveT nawilakis aRgznebul
mdgomareobaSi gadasvlis albaTobebi usasrulo momavalSi
( t ).  ra pirobebSia samarTliani miRebuli Sedegebi.
6.64.damuxtul wrfiv oscilatorze moqmedebs erTgvarovani
eleqtruli veli, romelic droSi Semdegnairad icvleba

a)  
1

2

2

0 1













 tt b)   ttt 02

2

0 cosexp 


 







 .

CaTvaleT, rom velis CarTvamde ( t ), oscilatori
imyofeboda n -e stacionalur mdgomareobaSi da SeSfoTebis
Teoriis pirvel rigSi ipoveT nawilakis aRgznebul
mdgomareobaSi gadasvlis albaTobebi usasrulo momavalSi
( t ). ra pirobebSia samarTliani miRebuli Sedegebi.
6.65. damuxtul wrfiv oscilatorze moqmedebs erTgvarovani
eleqtruli veli, romelic droSi Semdegnairad icvleba

  





 

2
1arctan1

0 
 tt

CaTvaleT, rom velis CarTvamde ( t ), oscilatori
imyofeboda n -e stacionalur mdgomareobaSi da SeSfoTebis
Teoriis pirvel rigSi ipoveT nawilakis aRgznebul
mdgomareobaSi gadasvlis albaTobebi usasrulo momavalSi
( t ). ra pirobebSia samarTliani miRebuli Sedegebi.

6.66. d


dipoluri momentis mqone brtyel rotatorze moqmedebas
iwyebs erTgvarovani, droSi cvalebadi eleqtruli veli

    0 tft  . velis CarTvamde rotators gaaCnda impulsis

momentis m -is gansazRvruli mniSvneloba. SeSfoTebis Teoriis
pirvel rigSi usasrulo momavalSi ( t ) ipoveT rotatoris
energiis povnis albaTobebi.

6.67. ipoveT sistemis sawyisi  ( t ) diskretuli speqtris n
mdgomareobidan saboloo  ( t ) mdgomareobaSi gadasvlis
albaToba  arastacionaluri SeSfoTebis Teoriis meore rigSi.
CaTvaleT, rom SeSfoTeba t dros nulis tolia.
miTiTeba: gamoiyeneT am Tavis Sesavali Teoriuli nawilis (6.16)-
(6.21) formulebi.
6.68. Tu visargeblebT am Tavis Sesavali Teoriuli nawilis (6.20)
formuliT, maSin   2 nnn aW imisa, rom sistema imave sawyiss n
mdgomareobaSi darCes erTze meti gamodis 1nW , rac

ewinaaRmdegeba normis droSi Senaxvas. axseniT warmoqmnili
paradoqsi.

6.69. I inerciis momentis mqone brtyeli rotatori brunavs xy
sibrtyeSi da gaaCnia q muxti a manZilze z brunvis RerZidan.

usasrulo warsulSi  t rotatori ZiriTad mdgomareobaSi

imyofeboda. z RerZis paralelurad ab  manZilze rotators v
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siCqariT Caufrina Q muxtis mqone wertilovanma nawilakma, ise

rom es nawilaki 0t momentSi 0z sibrtyes kveTavs. ipoveT

usasrulo momavalSi  t rotatoris energiebis povnis
albaTobebi. miuTiTeT, Tu ra pirobebSia samarTliani miRebuli
Sedegebi.
miTiTeba: CaTvaleT, rom muxti moZraobs bz  wrfis gaswvriv.
maSin misi rotatorTan eleqtrostatikuri urTierTqmedebis

energia iqneba   2/12222 cos2


 tvababqQ  . gaSaleT es

gamosaxuleba ba / mcire parametris mixedviT da miiReT
SeSfoTebis operatoris gamosaxuleba.

6.70.. q muxtis mqone organzomilebiani harmoniuli oscilatori

 sixSiriT irxeva xy sibrtyeSi 0 yx wertilis maxloblad.

z RerZis paralelurad b manZilze oscilators v siCqariT
Caufrina Q muxtis mqone wertilovanma nawilakma, ise rom es

nawilaki 0t momentSi xy sibrtyes kveTavs. usasrulo warsulSi

 t oscilatori ZiriTad mdgomareobaSi imyofeboda. ipoveT

usasrulo momavalSi  t oscilatoris energiebis povnis

albaTobebi im daSvebiT, rom
m

b 
 . miuTiTeT, Tu ra

pirobebSia samarTliani miRebuli Sedegebi.
miTiTeba: amoxsna analogiuria wina 6.69 amocanis

6.71. ganixileT erTganzomilebiani oscilatori 0 sixSiriT da

q muxtiT. 0t momentamde nawilaki imyofeboda ZiriTad

mdgomareobaSi. oscilatorze  drois ganmavlobaSi moqmedebas
iwyebs SeSfoTeba - susti eleqtruli veli

 











tt
txq

tW
:0;0
0;

sadac  velis daZabulobaa. SeSfoTebis Teoriis pirvel rigSi
ipoveT 1n mdgomareobaSi gadasvlis albaToba.

6.72.sistemas gaaCnia diskretuli nE speqtri n talRuri

funqciebiT. masze t momentSi (rodesac SeuSfoTebeli

sistema 0 ZiriTad mdgomareobaSi imyofeba) moqmedebas iwyebs

Semdegi SeSfoTeba

 


 2
2

0
ˆ

t

erVV




rogoria imis albaToba, rom sistema t -Tvis gadava

0; kk mdgomareobaSi.

6.73. ganvixiloT erTganzomilebiani a siganis usasrulo
simaRlis potencialuri ormo. 0t momentSi 4/34/  xa
intervalSi moqmedebas iwyebs mudmivi 0V SeSfoTeba. rogoria

imis albaToba, rom 0t momentSi 3 mdgomareobaSi myofi

sistema drois t momentSi 1 mdgomareobaSi aRmoCndeba
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Tavi 7. kvaziklasikuri miaxloeba

ZiriTadi cnebebi da formulebi

kvaziklasikur miaxloebaSi Sredingeris erTganzomilebiani
gantolebis ori damoukidebeli amonaxsnia

 
 

 







 

x

c
E dxxpi

xp
x


exp1

(7.1)

  xUEmp  2 (7.2)

kvaziklasikurobis gamoyenebis piroba ase gamoiyureba

   
 

1/1
3 



xp
xUm

dx
pd

dx
d




(7.3)

bor-zomerfeldis dakvantvis pirobaa

   ...2,1,0;
2
121







  nndxxUEm

b

a
n 


(7.4)

sadac ada b e.w. mobrunebis wertilebia anu is

wertilebia,sadac   nExU  .

(7.4) formulis n -iT gawarmoebiT,miviRebT manZils mezobel
doneebs Soris

 nn
nnn E

n
E

EEE  


 1 (7.5)

sadac    nn ET
E  2
 klasikuri nE energiis klasikuri nawilakis

moZraobis sixSirea, T ki misi periodi.
bmuli mdgomareobis talRuri funqciisaTvis SeiZleba

gamoviyenoT Semdegi formula

   
 





















 

bxax

bxadxxp
xp

C
x

x

a

n

n

,;0

;
4

1sin 
 (7.6)

rac niSnavs, rom klasikurad dauSvebel areSi nawilaks SeRweva
ar SeuZlia (misi talRuri funqcia eqsponenencialurad ecema).
talRuri funqciis erTze normirebis pirobidan ki miviRebT

 

 n

n
Em

C
22  (7.7)

xolo rxevis periodisaTvis gveqneba Semdegi formula

     
b

a nn
n Exp

dxm
E

ET
,

22



(7.8)

kvaziklasikur miaxloebaSi barierSi gasvlis koeficienti
Semdegi formuliT moicema
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b

a
EdxxpED ,2exp


(7.9)

7.1 energetikuli speqtris dakvantva

7.1. kvaziklasikur miaxloebaSi vipovoT harmoniuli
oscilatoris energiebi. ra pirobebSia samarTliani miRebuli
Sedegebi. pasuxi SeadareT zust amonaxsns.
7.2. kvaziklasikur miaxloebaSi vipovoT Semdegi potencialis

 

a
xch

U
xU

2

0

energiebi.
7.3. nawilaki moZraobs velSi

  0,0; 00  


U
a
xUxU

gamoikvlieT kvaziklasikur SemTxvevaSi didi n -ebisTvis
rogoraa damokidebuli  energiis doneebs Soris manZili 
parametrze. rogoria diskretuli speqtris simkvrive.

7.4. nawilakis potencialur energias 0x wertilis maxloblad

Semdegi saxe aqvs

  2;0    xxxU
Sredingeris gantolebis amonaxsns, 0x wertilis maxloblad, 
parametris ra mniSvnelobebisaTvis aqvs kvaziklasikuri saxe?
aqvs Tu ara amonaxsns kvaziklasikuri saxe 2 -Tvis?
7.5. nawilaki moZraobs Semdeg centralur velSi

  0,0;    rrU
gamoarkvieT sivrcis ra areSi Sredingeris gantolebis amonaxsns
s mdgomareobaSi 0E energiiT aqvs  kvaziklasikuri saxe.

7.6. kvaziklasikur miaxloebis gamoyenebiT ipoveT diskretuli

speqtris zeda doneebi (anu doneebi, romelTaTvisac nE ),

nawilakisaTvis, romelic moZraobs Semdeg velSi

 











ax

aax
xxU
,

0;,2


miuTiTeT, Tu ra pirobebSia samarTliani miRebuli Sedegebi.
miTiTeba: bor-zomerfeldis dakvantvis pirobis gamoyenebisas

integralSi gaakeTeT Casma


2

1
xE

z n .

7.7. nawilaki imyofeba Semdeg potencialur velSi

  0,0; 00  


U
a
xUxU
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gamoarkvieT  parametris ra mniSvnelobebisaTvis SeiZleba
gamoviyenoT kvaziklasikuri midgomis standartuli formulebi:
bor-zomerfeldis dakvantva da mobrunebis wertilebis
maxloblad kvaziklasikuri talRuri funqciebis Sekerva.

miTiTeba: gaSaleT potenciali 0x wertilis maxloblad da

SemoifargleT wrfivi wevriT.
7.8. bor-zomerfeldis dakvantvis pirobidan miiReT nawilakis

doneebis wanacvlebis formula, rodesac mcire  xU sididiT
icvleba potencialuri energia.

7.9.miaxloebiT gansazRvreT nawilakis diskretuli
mdgomareobebis ricxvi misi )(rU  velSi moZraobisas, romelic

kvaziklasikurobis moTxovnas akmayofilebs.
miTiTeba: mdgomareobaTa ricxvi, romelic ’’modis’’ fazur

moculobaze, romelic Seesabameba impulsebs max0 pp  da

nawilakis koordinatebs dV moculobaSi, tolia
 3

3
max

2
3/4


 dVp
;

 rmUp 2max  .

7.10.miaxloebiT gansazRvreT nawilakis diskretuli
mdgomareobebis ricxvi misi )(rU centralur velSi moZraobisas,
romelic kvaziklasikurobis moTxovnas akmayofilebs.
miTiTeba:  mdgomareobebis ricxvi mocemuli M orbitaluri
momentisaTvis emTxveva erTganzomilebiani moZraobis

mdgomareobaTa ricxvs 2

2

2
)(
mr
MrVU  efeqturi potencialiT.

7.11.sferuli simetriis mqone potencialebisaTvis 0l
mdgomareobaSi kvaziklasikuri dakvantvis piroba ase SeiZleba
Caiweros

    
0

0
4/1

r

ndrrp 

sadac 0r mobrunebis wertilia. gamoiyeneT es formula

nawilakis energiebis sapovnelad, romelic moZraobs
logariTmul velSi

 
a
rVrV ln0

aCveneT, rom doneebs Soris sxvaoba ar aris damokidebuli
masaze.

miTiTeba: integralis daTvlisas gamoiyeneT Casma
r
r

x 0ln .
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7.2. kvaziklasikuri talRuri funqciebi,albaTobebi da
saSualoebi. potencialur barierebSi gasvla

7.12. kvaziklasikur miaxloebaSi ipoveT  xF fizikuri sididis
Sesabamisi saSualo mniSvneloba diskretuli speqtris n -e
stacionalur mdgomareobaSi. sailustraciod daTvaleT 2x da

4x wrfivi oscilatorisaTvis.

7.13. kvaziklasikur miaxloebaSi ipoveT  pF fizikuri sididis
Sesabamisi saSualo mniSvneloba diskretuli speqtris n -e
stacionalur mdgomareobaSi. sailustraciod daTvaleT 2p da

4p wrfivi oscilatorisaTvis.

7.14.vipovoT talRuri funqciis yofaqceva koordinatTa saTaveSi,
Tu 0r -Tvis veli usasrulobaSi miiswrafvis Semdegi kanoniT

sr

 , sadac 2s

7.15. miiReT bor-zomerfeldis dakvantvis piroba, rodesac
nawilakis moZraoba erTi mxridan SemosazRrulia SeuRwevadi
kedliT.
7.16. kvaziklasikur miaxloebaSi gamoTvaleT gasvlis
koeficienti Semdegi paraboluri barierisaTvis

 






















ax

ax
a
xU

xU

,0

,,1 2

2

0

7.17. kvaziklasikur miaxloebaSi gamoTvaleT gasvlis
koeficienti Semdegi  barierisaTvis

   







0,/1
,0,0

0 xaxU
x

xU

7.18. kvaziklasikur miaxloebaSi gamoTvaleT gasvlis
koeficienti Semdegi  barierisaTvis

 








0),/exp(
,0,0

0 xaxU
x

xU

7.19. kvaziklasikur miaxloebaSi gamoTvaleT gasvlis
koeficienti Semdegi  barierisaTvis

 

a
xch

U
xU

2

0

miTiTeba: integralis daTvlisas gamoiyeneT   taxsh sin/  Casma,

sadac 10 
E
U



7.20. ipoveT gasvlis koeficientis kvaziklasikur gamosaxulebaSi
eqsponentis win mdgomi mamravli Semdegi barierisaTvis
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0,~
0,0

xxU

x
xU

igulisxmeba, rom 0. x -Tvis sruldeba kvaziklasikurobis
gamoyenebis piroba.
7.21.  7.17 amocanis barierSi gasvlis koeficintis gamosaxulebaSi
wina 7.20 amocanis Sedegze dayrdnobiT SeitaneT Sesworeba
eqsponentis win mdgom mamravlSi. ipoveT kvaziklasikuroba
gamoyenebis piroba.

7.22. kvaziklasikur miaxloebaSi ipoveT nawilakis (nulovani
orbitaluri momentiT) gamosvlis albaToba Semdegi centralur-
simetriuli ormodan

 











0;,

,

0

00

 rr
r

rrU
rU

miTiTeba: centraluri simetriis amocana daiyvaneba
erTganzimilebian SemTxvevaze,ris gamoc SeiZleba gamoviyenoT
wina amocanebSi miRebuli Sedegebi.

7.23. kvaziklasikur miaxloebaSi (eqsponencialuri mamravlis
sizustiT) ipoveT m masisa da E energiis nawilakis
potencialur barierSi

  0;0; 000
0 


xUeUxU x

x

gasvlis koeficienti.

miTiTeba: integralis daTvlisas gaakeTeT Casma ye
E
U x

x




100
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Tavi 8. spini

ZiriTadi cnebebi da formulebi

1) s spiniani nawilakis talRur funqcias 12 s komponenti aqvs

da zs warmodgenaSi erTi svetis saxiT moicema

 
 
 

  




























sr

sr
sr
sr

,
.......

2,
1,

,















(8.1)

sadac   ,r warmoadgens mdgomareobis amplitudas, romelSic

spinis proeqcia z RerZze  -s tolia,amasTan ssss  ,...,2,1, . am
warmodgenaSi spinis veqtoris komponentebis operatori

gamoisaxeba zyx sss ˆ,ˆ,ˆ matricebiT.

2/1s spinisaTvis es 2/ˆ 
s operatorebi gamoisaxebian paulis

matricebiT


















 











10
01

ˆ;
0
0

ˆ;
01
10

ˆ zyx i
i
 (8.2)

paulis matricebs Semdegi Tvisebebi aqvT

1ˆˆˆ 222  zyx  (8.3)

xzyyzxzyx iii  ˆˆˆ;ˆˆˆ;ˆˆˆ  (8.4)

da isini antikomutireben erTmaneTTan

0ˆˆˆˆ;0ˆˆˆˆ;0ˆˆˆˆ  yzzyxzzxxyyx  (8.5)

mokled (8.3) - (8.5) Tanafardobebi ase SegviZlia CavweroT

liklikki i  ˆˆˆ  (8.6)

sadac 3,2,1i da zyx  ˆˆ;ˆˆ;ˆˆ 321 
2/1s spinisaTvis spinuri funqciis Casawerad xSirad

gamoiyeneba Semdegi aRniSvnebi

 2/11   ;  2/12   (8.7)
ase, rom am SemTxvevaSi (8.1) funqcia ase Caiwereba











2

1




(8.8)

xolo skalarul namravls spinur sivrceSi Semdegi saxe aqvs

2211    (8.9)

8.1. 2/1s spiniani nawilakisaTvis ipoveT sakuTari mniSvnelobebi

da funqciebi yx ss ˆ,ˆ da zŝ operatorebisaTvis.

8.2. SeamowmeT, rom   0,2 zss , sadac 2222
zyx ssss 
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8.3. isargebleT paulis matricebis cxadi saxiT da SeamowmeT,
Semdegi Tanafardobebis samarTlianoba

a)   zyx i ˆ2ˆ,ˆ  b) 22

4
3ˆ s , I3ˆ 2 

8.4. daamtkiceT Semdegi tolobis samarTlianoba

    BAiBABA

 

sadac  zyx  ,, paulis matricebia, A


da B


ki veqtoruli

operatorebia, romlebic komutireben  matricebTan,magram
SesaZloa erTmaneTTan ar komutirebdnen.

8.5. ipoveT n erTeulovani veqtoriT gansazRvrul nebismier

mimarTulebaze spinis nŝ operatoris saxe.

8.6. ipoveT ̂ˆ baf  operatoris sakuTari mniSvnelobebi,sadac a
ricxvia, b


Cveulebrivi veqtoria, ̂ paulis matricebi.

8.7. SeiZleba Tu ara eleqtronis spinis proeqciebis kvadratebs
yx, da z RerZebze erTdroulad hqondeT garkveuli

mniSvnelobebi?

8.8. nebismieri wrfivi operatori L̂ , romelic moqmedebs
2/1s spiniani nawilakis spinuri cvladebis sivrceSi, meore

rangis matricas warmoadgens. ra SezRudvebs adebs L̂
operatoris ermituloba misi matricis elementebs?
ipoveT aseTi ermituli operatoris sakuTari mniSvnelobebi.
8.9. darwmundiT imaSi, rom oTxi meore rangis matricebi

zyx  ˆ,ˆ,ˆ,1̂ adgenen srul sistemas, risTvisac aCveneT, rom

nebismieri meore rigis Â matrica SeiZleba gaiSalos am
matricebad

 aaaaaaA zzyyxx  0ˆˆˆ1̂ˆ
0

sadac ASpa ˆ
2
1

0  ,  ASp ˆ̂


2
1a 

8.10. ipoveT  ˆ,ˆ 
z operatorebis cxadi saxe

8.11. ipoveT    operatoris cxadi saxe

8.12. gaamartiveT gamosaxuleba  nâ , sadac a Cveulebrivi

veqtoria, ̂ paulis matricebi, xolo n mTeli ricxvia.

8.13. 2/1s spinis SemTxvevaSi ipoveT amwevi da damwevi ŝ
operatorebis saxe. ras udris 2ˆs operatorebi?

8.14. vipovoT proeqciuli
2
1

ˆ
zs

P operatori, romelic aproeqcirebs

spinis proeqciis gansazRvrul 2/1zs mniSvnelobebs z RerZze
8.15. vipovoT proeqciuli

2
1

ˆ
zs

P operatori, romelic aproeqcirebs

spinis proeqciis gansazRvrul 2/1zs mniSvnelobebs RerZze,

romlis mimarTuleba ganisazRvreba n erTeulovani veqtoriT.
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8.16. 2/1s spiniani nawilakisaTvis miuTiTeT spinuri talRuri











2

1




funqciis gardaqmnis kanoni koordinatTa RerZebis 0

kuTxeze mobrunebisas im RerZis mimarT, romlis mimarTuleba

ganisazRvreba 0n


erTeulovani veqtoriT.

8.17. wina 8.13 amocanis Sedegebis gamoyenebiT aCveneT, rom

2211    sidide ar icvleba miTiTebuli gardaqmnebisas.

8.18. aCveneT, rom koordinatTa RerZebis mobrunebisas

  







  




 
,

ˆˆ
iVV 

gardaiqmneba rogorc veqtori.

miTiTeba: gamoiyeneT 8.11 amocanis Sedegebi da

liklikki i  ˆˆˆ  Tanafardoba.

8.19. warmoadgineT  221
ˆˆ   gamosaxuleba  im saxiT, romelic

Seicavs paulis 2,1̂


matricebs araumetes pirveli xarisxisa. am

matricebis 1, 2 indeqsebi niSnavs, rom es matricebi warmoadgenen
operatorebs, romlebic moqmedeben I da II nawilakebis spinuri
cvladebis sivrceSi.
8.20. 2/1s spiniani nawilaki imyofeba mdgomareobaSi, roca

gansazRvruli mniSvneloba aqvs aqvs spinis proeqcias 2/1zs .
gansazRvreT spinis proeqciis SesaZlo mniSvnelobebis
albaTobebi zRerZze, romelic  kuTxes adgens z RerZTan.
8.21. ipoveT cxadi saxe operatorisa  baFF ˆ ,sadac  xF
nebismieri funqciaa x cvladisa, bconsta


, ki Cveulebrivi

veqtoria.

miTiTeba: CaTvaleT, rom    ̂ BAbaF  da ipoveT A Ada B

,

risTvisac z RerZi mimarTeT b

veqtoris gaswvriv.

8.22. wina 8.18 amocanis Sedegze dayrnobiT ipoveT  aiF expˆ 
operatoris cxadi gamosaxuleba.
8.23. anormireT spinuri talRuri funqciebi

a)  ;0, 







 ba
b
a

A b) 









i
A
4
3



8.24. vipovoT ori 2/1s spiniani nawilakis spinebis skalaruli
namravli tripletur da singletur mdgomareobebSi.

miTiTeba: gamoiyeneT toloba 22 ˆˆˆˆˆ zz sssss   , sadac ŝ 8.12
amocanaSi ganxiluli amwevi da damwevi operatorebia.

8.25. 2/1s spiniani nawilakisaTvis gamoTvaleT zyx ssisA ˆ

operatoris saSualo mniSvneloba, rodesac nawilakis talRuri

funqciaa 







1
1

2
1
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Tavi 9. igivuri nawilakebi

ZiriTadi cnebebi da formulebi

igivuri nawilakebisagan Semdgar sistemis talRur funqcias
gaaCnia garkveuli simetria amnawilakebis gadasmis mimarT

   ...,.......,...,......., ,, abba   (9.1)

sadac  nnn r  , Sesabamisi nawilakebis sivrculi da spinuri

cvladebis erTobliobaa. amasTan talRuri funqcia simetriulia
mTel spiniani nawilakebis - bozonebis gadasmisas da
antisimetriulia naxevarspiniani nawilakebis - fermionebis
gadasmisas.

igivuri nawilakebis sistemis Seswavla xelsayrelia e.w.
SevsebaTa ricxvebis warmodgenaSi, sadac gamoiyeneba nawilakTa

iâ gaCenisa da 

iâ gaqrobis operatorebi.

bozonebisaTvis es operatorebi Semdeg komutaciur
Tanafardobebs akmayofileben:

      ikikkikikiki aaaaaaaaaa   ˆˆˆˆˆ,ˆ;0ˆ,ˆˆ,ˆ (9.2)

xolo fermionebisaTvis gvaqvs antikomutaciuri Tanafardobani

      ikikkikikiki aaaaaaaaaa   ˆˆˆˆˆ,ˆ;0ˆ,ˆˆ,ˆ (9.3)

ase, rom rogorc es (9.3)-dan Cans fermionuli operatorebisaTvis
samarTliania Semdegi Tanafardobani

  0ˆˆ 22  
ii aa (9.4)

Semodis agreTve nawilakTa ricxvis operatoris cnebac

iii aan ˆˆˆ  (9.5)

erTze normirebuli mdgomareobebisaTvis, samarTliania semdegi
Tanafardobani

,...1...,,......,ˆ  iiii nnna (9.6)

,...1...,1,......,ˆ 
iiii nnna (9.7)

amasTan fermionebisaTvis 0in an 1in , xolo bozonebisaTvis

,...2,1,0in

9.1. talRuri funqciebis simetria

9.1. s spiniani ori erTnairi nawilakisagan Semdgari sistemisaTvis
ipoveT ramdeni gansxvavebuli spinuri mdgomareoba iqneba,
romlebic simetriulia an antisimetriulia orive nawilakis
spinuri cvladebis gadasmis mimarT.

9.2. cnobilia, rom  r
if
 funqciebi warmoadgenen gareSe velSi

myofi nawilakis stacionaluri mdgomareobebis talRuri
funqciebis sivrcul nawils. ori aseTi s spiniani erTnairi
erTmaneTTan sustad urTierTqmedi nawilaki imyofeba am velSi
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da maTi orbitaluri mdgomareobebi xasiaTdeba 1f da 2f kvanturi

ricxvebiT da fff  21 .
ipoveT mdgomareobaTa saerTo ricxvi spinuri Tavisuflebis

xarisxebis gaTvaliswinebiT, Tu es nawilakebi a) bozonebia; b)
fermionebia.

9.3. wina 9.2 amocanaSi ganixileT SemTxveva roca 21 ff  .
9.4. vaCvenoT, rom Tu s spiniani n igivuri nawilaki sxvadasxva

orbitalur )(),...(),(
21

rrr
nfff
  mdgomareobebSi imyofebian, maSin

maTi mdgomareobaTa saerTo ricxvi spinuri Tavisuflebis

xarisxebis gaTvaliswinebiT aris  nsG 12  , imisda miuxedavad
Tu ra statistikas emorCilebian isini.

9.5.  
if warmoadgenen erTnawilakovani mdgomareobebis erTze

normirebul talRur funqciebs ( if aris sruli krebulis

kvanturi ricxvebi, xolo   ,r ,sadac  spinuri cvladia).
ipoveT erTze normirebuli talRuri funqciebi sistemisa,
romelic Sedgeba sami igivuri bozonisagan da imyofebian

mdgomareobaSi, romelic xasiTdeba 321 ,, fff kvanturi ricxvebiT.

9.6. 1s spiniani sami igivuri bozoni imyofebian erTnair

orbitalur mdgomareobebSi, romelic  r talRuri funqciiT
aRiwereba. dawereT sistemis SesaZlo mdgomareobebi
normirebuli talRuri funciebi spinuri Tavisuflebis
xarisxebis gaTvaliswinebiT. ramdeni aseTi damoukidebeli
mdgomareoba arsebobs? ra mniSvnelobebi SeiZleba SeiZinos
jamurma  spinma?
9.7. erTmaneTTan sustad urTierTqmedi 0s spiniani sami igivuri
bozoni stacionalur mdgomareobaSi imyofebian erTidaigive

kvanturi rn da l ricxvebiT, amasTan .1l ramdeni aseTi
damoukidebeli mdgomareoba arsebobs?
9.8. wina 9.7 amocanis pirobebSi aCveneT, rom jamuri L momenti
sami bozonisa ar SeiZleba iyos nuli.
9.9. 0s spiniani ori igivuri bozonis stacionalur
mdgomareobaSi imyofebian, romelic aRiwereba normirebuli

talRuri  21, rr


 funqciiT. ipoveT imis albaToba, rom erTi

nawilaki imyofeba 1dV moculobaSi, meore ki 2dV moculobaSi.
sworad anormireT miRebuli gamosaxuleba.
9.10. 0s spiniani ori igivuri bozonis stacionalur
mdgomareobaSi imyofebian, romelic aRiwereba normirebuli

talRuri  21, rr


 funqciiT. rogoria imis albaToba, rom

a) orive nawilaki imyofeba garkveuli V moculobis SigniT?
b) erTi nawilaki imyofeba V moculobis SigniT, meore ki
V moculobis gareT?
9.11. 0s spiniani ori igivuri bozonisgan Sedgenil sistemaSi

erTi bozonis talRuri funqciaa  r1 , xolo meoresi  r2 . es
funqciebi erTianze normirebuli da aqvT urTierTsapirispiro
luwobebi. sistemis mocemul mdgomareobaSi ipoveT sistemis erT-
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erTi nawilakis ganawileba koordinatebis mixedviT, maSin
rodesac nebismieria (ar fiqsirdeba) meore nawilakis mdebareoba.
rogoria imis albaToba, rom a) erTi nawilaki; b) orive nawilaki
imyofebian sivrcis moculobaSi, romlisTvisac 0z ? SedareT
miRebuli mniSvnelobani sxvadasva nawilakebis SemTxvevas.
9.12. ganixileT wina 9.11-is analogiuri amocana, roca sistema
Sedgeba ori igivuri fermionisagan, romlebic imyofebian
erTidaigive spinur mdgomareobebSi.

9.13. 0s spiniani ori igivuri bozonisgan Sedgenili
sistemisaTvis nawilakebs Soris manZilis mixedviT ipoveT
ganawilebis funqcia. rogor aisaxeba miRebul ganawilebaSi
nawilakebis igivuroba? ra fizikuri azri aqvs gamosaxulebas

   rdrr , ,sadac  21, rr


 sistemis normirebuli talRuri

funqciaa.
miTiTeba: SemoiReT masaTa centrisa da fardobiTi radius

veqtorebi: 21
21 ;

2
rrrrrR 







9.14. rogorc cnobilia ori sxeulis amocanaSi masaTa centrisa
da fardobiTi moZraoba erTmaneTisagan damoukidebelia. aCveneT,
rom ori igivuri nawilakisaTvis talRuri funqciis simetria
nawilakebis gadasmis mimarT ar arRvevs zemoT naxseneb
damoukideblobas.
9.15. ra mniSvnelobebi SeiZleba miiRos jamurma S spinma ori s
spiniani igivuri bozonisgan Sedgenil sistemaSi im
mdgomareobaSi, rodesac fardobiTi orbitaluri momentia L ( L
momentia inerciis centris sistemaSi) anu ra LS 12  mdgomareobebia
SesaZlebeli ori igivuri bozonisagan Sedgenil sistemaSi?
ganixileT kerZo SemTxveva .0s
9.16.ganixileT wina 9.15 amocanis mgavsi amocana ori
fermionisaTvis.specialurad ganixileT 2/1s spiniani
fermionebis SemTxveva.
9.17. ori igivuri 0s spiniani bozoni erTmaneTTan

dakavSirebulia
 
2

2
21 rrkU



 potencialiT. rogoria sistemis

energetikuli speqtri?
miTiTeba: isargebleT 4.28 amocanis SedegebiT.

9.18. sistema Sedgeba sami igivuri nawilakisagan; 3,2,1r


- nawilakebis

radius-veqtorebia inerciis centris sistemaSi. rogor iqceva 21rr


sidide 1 da 3 nawilakebis gadsmisas?
9.19. aCveneT, rom sami nawilisagan Semdgar sistemaSi (ar aris
acilebeli nawilakebi igivuri iyvnen) mdgomareobas, romelSic
jamuri orbitaluri momenti 0L inerciis centris sistemaSi,
gaaCnia garkveuli dadebiTi luwoba.
9.20. spiniani ori igivuri bozonisgan Sedgenil sistemaSi erTi

bozonis talRuri funqciaa  r1 , xolo meoresi  r2 . es
funqciebi erTianze normirebuli da  urTierTorTogonaluria.
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rogoria imis albaToba orive nawilaki imyofebian sivrcis
mcire dV moculobaSi? SedareT miRebuli mniSvnelobani
sxvadasva nawilakebis SemTxvevas.

9.21. 0s spiniani ori igivuri bozonisgan Sedgenil sistemaSi

erTi bozonis talRuri funqciaa  r1 , xolo meoresi  r2 . es
funqciebi erTianze normirebuli. ipoveT aseTi sistemis
saSualo simkvrive da SeadareT gansxvavebuli nawilakebis
SemTxvevas.
miTiTeba: erTianze normirebuli talRur funqciaa

          2112221121, rrrrCrr   
sadac

12
22

2 12







  C

9.22. Tu a da b orTonormirebuli funqciebia.

a) maSin risi tolia A sidide gamosaxulebaSi

          212121, rrrrArr abba
  

b) risi tolia A sidide Tu ba   (rasakvirvelia, es SemTxveva

exeba mxolod bozonebs)
9.23. ori araurTierTqmedi toli m masis nawilakisaTvis,
romlebic imyofebian a siganis usasrulo simaRlis
potencialur ormoSi. ipoveT energiis ZiriTadi done 3
SemTxvevaSi: a) gansxvavebuli nawilakebisaTvis b) bozonebisaTvis
g) fermionebisaTvis.
9.24. dawereT hamiltoniani ori araurTierTqmedi igivuri
nawilakisaTvis, romlebic imyofebian a siganis usasrulo
simaRlis potencialur ormoSi. SeamowmeT, rom wina 9.23
amocanaSi fermionebisaTvis napovni ZiriTadi done aris
hamiltonianis sakuTari mniSvneloba.
9.25. ori araurTierTqmedi toli m masis nawilakisaTvis,
romlebic imyofebian a siganis usasrulo simaRlis
potencialur ormoSi. ipoveT energiis pirveli ori agznebuli
done 3 SemTvevaSi: a) gansxvavebuli nawilakebisaTvis b)
bozonebisaTvis g) fermionebisaTvis. SeiswavleT doneebis
gadagvarebis sakiTxi.

9.26. ori araurTierTqmedi toli m masis nawilakisaTvis,
romlebic imyofebian a siganis usasrulo simaRlis

potencialur ormoSi. erTi maTgani imyofeba x
a
n

a
xn

 sin2)( 

mdgomareobaSi, meore ki mis orTogonalur x
a
m

a
xm

 sin2)( 

mdgomareobaSi. daTvaleT saSualo  221 xx  3 SemTvevaSi: a)

gansxvavebuli nawilakebisaTvis b) bozonebisaTvis g)
fermionebisaTvis. SeiswavleT doneebis gadagvarebis sakiTxi.
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miTiTeba: isargebleT 2.9 amocanis SedegebiT:

2
ax n  ;

 22

22
2

123 


n
aax

n 

9.2. meoradi dakvantvis formalizmis elementebi

9.27. ipoveT komutaciuri Tanafardobebi operatorebisaTvis,

romlebic warmoadgenen bozonuri gaqrobis â (an â gaCenis)
operatorebis ermitul da araermitul nawilebs.
9.28. gal 10.19 da 5. 10.13. nawilakis x̂ koordinatis da p̂ impulsis

operatorebisagan aageT â da â operatorebi, romelTac eqnebaT
bozes gaqrobisa da gaCenis operatorebis Tvisebebi.

rogori saxe aqvs 0 ’’vakuumur’’ mdgomareobas?

9.29. ipoveT gaCenisa da gaqrobis operatorebis sakuTari
funqciebi da sakuTari mniSvnelobebi. ganixileT bozesa da
fermis operatorebi.
miTiTeba: gamoiyeneT 2.57 amocanis Sedegebi

9.30. fermionuli b̂ gaqrobis da b̂ gaCenis operatorebis
antikomutaciuri Tanafardobidan gamomdinare aCveneT, rom

bbn ˆˆˆ  nawilakTa raodenobis operatoris sakuTari
mniSvnelobebia 0 da 1.

9.31. â da â operatorebidan axal
   aaaa ˆˆ,ˆˆ ( kompleqsuri ricxvia) operatorebze

gadasvla warmoadgens Tu ara unitarul gardaqmnas? rogoria am
unitaruli operatoris saxe? ganixileT fermionuli da
bozonuri gaqrobisa da gaCenis operatorebi.
miTiTeba: unitaruli operatoris saxis dasadgenad isargebleT
1.34 amocanis SedegiT.

9.32. â da â operatorebidan axal aaaaaa ˆˆˆ,ˆˆˆ    ( da

 namdvili ricxvia.) operatorebze gadasvla warmoadgens Tu

ara unitarul gardaqmnas? (winaswar gaarkvieT  da  -s ra
mniSvnelobebisaTvis aris aRniSnuli gardaqmna unitaruli).
ganixileT fermionuli da bozonuri gaqrobisa da gaCenis
operatorebi.
9.33. SeiZleba Tu ara Semdegi gardaqmnisas

aaaa ˆˆ,ˆˆ  

 aa ˆ,ˆ operatorebi ganvixiloT rogorc gaqrobisa da gaCenis
operatorebi axali nawilakebisa? ganixileT fermionuli da
bozonuri SemTxvevebi.

9.34.
if

aˆ operatori warmoadgens nawilakis gaCenis operators

if mdgomareobaSi ( if warmoadgens kvanturi ricxvebis srul

krebuls). nebismieri erTnawilakovani mdgomareoba 1 SeiZleba

warmovidginoT Semdegnairad
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i

ff ii
aC 0ˆ1

ra kvanturmeqanikuri azri gaaCniaT
ifC koeficientebs?

9.35. rogorc kerZo magaliTi wina 9.34 amocanisa ganixileT
Semdegi erTnawilakovani mdgomareoba uspino nawilakisa

    0ˆ1 rdrr  
anormireT es funqcia erTianze da ipoveT saSualo mniSvneloba
f fizikuri sididisa.
9.36.

ifif
aa ˆ,ˆ  da

kgkg
aa ˆ,ˆ  operatorebi warmoadgenen gaCenisa da

gaqrobis operatorebs mdgomareobebSi romlebic xasiaTdebian if
da kg kvanturi ricxvebis sruli krebulebiT. ipoveT

Tanafardoba am operatorebs Soris.
9.37.ornawilakovani mdgomareoba igivuri bozonebisa (an

fermionebisa) aRiwereba mdgomareobis veqtoriT 0ˆˆ2
21

 ff aa ,

sadac
if

aˆ operatori warmoadgens nawilakis gaCenis operators

if mdgomareobaSi ( if warmoadgens kvanturi ricxvebis srul

krebuls).

anormieT mdgomareobis veqtori erTianze. ganixileT 1f da

2f erTnairi da gansxvavebuli kvanturi ricxvebi. koordinatul
warmodgenaSi ipoveT am mdgomareobebis normirebuli talRuri
funqciebi rogorc bozonebisaTvis, aseve fermionebisaTvis.
9.38. amoxseniT wina 9.37 amocanis analogiuri amocana

samnawilakovani mdgomareobisaTvis 0ˆˆˆ3
321

 fff aaa .
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Tavi 10. atomebi da molekulebi

ZiriTadi cnebebi da formulebi

mraval eleqtroniani atomebis aRwerisas ZiriTadi problemaa
Sredingeris gantolebis amoxsna Semdegi hamiltonianisaTvis:

  









i i j iji
i jiW

r
e

r
Ze

m
H ;

2

22
2

2
(10.1)

sadac W spinze damokidebuli (spin-orbitaluri,spin-spinuri da
zefaqizi urTierTqmedebebi) potenciuri energiis operatoria.
amoxsnisaTvis gamoiyeneba sxvadasxva miaxloebiTi meTodebi:
SeSfoTebis Teoria (ixileT 6.1 Tavi), variaciuli meTodi
(ixileT 6.2 Tavi), hartri-fokis TviTSeTanxmebuli velis meTodi,
Tomas-fermis statistikuri modeli da a.S.

hartri-fokis meTodis Tanaxmad, eleqtroni moZraobs
atomgulisa da danarCeni eleqtronebis gasaSualoebul velSi.
ganvixiloT k -uri eleqtroni. misi urTierTqmedebis energia

gulTan toli iqneba
kr
Ze2
 -si. igive eleqtroni imoqmedebs

danarCen eleqtronebTan. misi urTierTqmedeba j -ur
eleqtronTan, romelic gulidan jr


manZilze imyofeba, toli

iqneba gamosaxulebis

  jj
ij

rdr
r
e  22
 (10.2)

Tu eleqtronTa ricxvi atomSi N -s udris, maSin k -uri
nawilakis urTierTqmedebis potencials gulTan da
eleqtronebTan Semdegi saxe aqvs
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j
j

jk
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k
k rd

rr

re
r
ZerV
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(10.3)

am potencialis Sredingeris gantolebaSi SetaniT miiReba
integrodiferencialuri gantoleba, romlis amoxsna
SesaZlebelia mimdevrobiTi miaxloebis (iteraciis)
meTodiT.magaliTad, nulovan miaxloebaSi SegviZlia aviRoT
wyalbadiseuli atomis talRuri funqciebi, romelTa
saSualebiT vipoviT (10.3) potencialur energias.Semdeg am
funqciebs SevitanT Sredingeris gantolebaSi da
amovxsniT.vipoviT energias da talRur funqcias.am axali

talRuri funqciiT SevadgenT Sesworebul    krV 1

potencials,Semdeg kvlav SevitanT Sredingeris
gantolebaSi,vipoviT axal talRur funqcias da energias da a.S.
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anu potenciali da talRuri funqciebi TviTSeTanxmebulad unda
iqnas arCeuli.
MmZime atomebisaTvis gamoiyeneba  Tomas-fermis statistikuri

modeli, romelSic eleqtronebis wertilovani muxtebi

Secvlilia muxtis uwyveti ganawilebiT  re simkvriviT.

atomgulis eleqtrostatikuri  r potenciali da  r simkvrive
akmayofileben klasikur puasonis gantolebas

e42  (10.4)

Semdegi sasazRvro pirobebiT

0lim;lim
0


 rr

Zer (10.5)

 r potenciali SeiZleba gamosaxul iqnas  uganzomilebo
funqciiT:

   
x
x

b
Zer 
 (10.6)

sadac brx / , 223/1 /,885,0 meaaZb   da  x akmayofilebs
Tomas-fermis gantolebas

2/3
2

2 1 
xdx

d
 (10.7)

sasazRvro pirobebiT

    0,10   (10.8)
oratomiani molekulis brunviTi energiaa

 
0

2

2
1

J
E 






;                                 (10.9)

sadac 0J molekulis inerciis momentia, v ki brunviTi

(rotaciuli) kvanturi ricxvi  ,...2,1,0v . v -s SerCevis wesia:

1v
oratomiani molekulis rxeviTi energiaa

    2/112/1  NxNEN  ;                     (10.10)

sadac

  rxevis sixSirea,  kvazidrekadi Zalis

koeficientia,  molekulis dayvanili masa, N rxeviTi

(vibraciuli) kvanturi ricxvi  ,...2,1,0N , xolo x
anharmoniulobis koeficienti (harmoniuli oscilatorisaTvis
0x ).

, da  kvanturi ricxvebi axasiaTeben SL

, da J


jamuri

momentebis proeqcias oratomiani molekulis Rerze

 , 
i

i L,...2,1,0

 , 
i

i SSS  ,...,1,

,      SSS  ,...1,
0 TermisaTvis spinis orientacia ReZis mimarT ar gvaqvs

da  da  kvanturi ricxvebs fizikuri arsi ar gaaCniaT.
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calkeuli eleqtronebis mdgomareobis da molekulis garsis
mdgomareobis dasaxasiaTeblad gamoiyeneba Semdegi aRniSvnebi:

,...,,,  Sesabamisad ,...3,2,1,0 -Tvis

,...,,,  Sesabamisad ,...3,2,1,0 -Tvis

10.1. erT da oreleqtroniani atomebis stacionaluri
mdgomareobebi.

10.1. ipoveT wyalbadiseuli atomis ZiriTadi mdgomareobis
energiis Sesworeba SeSfoTebis Teoriis pirvel rigSi imis
gaTvaliswinebiT, rom birTvs gaaCnia zomebi. birTvi CaTvaleT
Rradiusian sferod, romlis moculobaSic Tanabrad aris

ganawilebuli Ze muxti. ( 133/1 102,1  AR sm, ,2ZA  sadac

A birTvis atomuri nomeria).SeafaseT Sesworeba ricxobrivad.
10.2. ipoveT wyalbadis atomis energiis Sesworebebi SeSfoTebis
Teoriis pirvel rigSi, romelic gamowveulia spin-orbitaluri
urTierTqmedebiT

sl
rcm

eH 
 322

22 1
2

miTiTeba: gamoiyeneT Semdegi Tanafardoba

    slsslljjj 
2)1(112 

10.3. ganixileT wyalbadiseuli atomis s mdgomareobis doneebis
zefaqizi struqtura, romelic gamowveulia eleqtronis
magnituri momentis urTierTqmedebiT birTvTan. birTvi
wertilovan nawilakad SeiZleba CavTvaloT da mas gaaCnia

I spini da 0 magnituri momenti da I
I
ˆˆ 0
 

  .

miTiTeba: gamoiyeneT eleqtronis magnituri momentis birTvTan
urTierTqmedebis operatoris cxadi saxe

rxx
slI

mcI
e

V ik
ki

kki
1)ˆ2ˆ(ˆ

2
ˆ 0

















 


da am operatoris gamoyenebiT ipoveT eleqtronis  r0 ZiriTadi

s1 mdgomareobis saSualo.
10.4. SeSfoTebis Teoriis pirvel rigSi gamoiTvaleT
oreleqtroniani atomis (an ionis) ZiriTadi mdgomareobis
energia. SeSfoTebad CaTvaleT eleqtronebs Soris
urTierTqmedeba.
10.5. SeSfoTebis Teoriis pirvel rigSi gamoiTvaleT
oreleqtroniani atomis (an ionis) ZiriTadi mdgomareobis
energia. SeuSfoTebel hamiltonianad aiReT

  








21

210
11

2
1ˆ

rr
ZH eff
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(gamoyenebulia atomur erTeulTa sistema). effZ parametri ipoveT

SeSfoTebis Teoriis pirvel rigSi energiis Sesworebis nulTan
gatolebiT.

10.6.variaciuli meTodis gamoyenebiT ipoveT oreleqtroniani
ionis ZiriTadi energia da ionizaciis potenciali.
miTiTeba: sacdel funqciad aiReT wyalbadis funqciebis

namravli garkveuli effZ efeqturi muxtiT, romelic variaciuli

parametris rols TamaSobs da gamoiyeneT wina 10.5 amocanaSi
daTvlili integralebi.
10.7.ipoveT oreleqtroniani ionis saSualo energia, Tu birTvis
muxtia Ze da talRur funcias Semdegi saxe aqvs

      212121 expexp, rrrrCrr  
10.8. ra mniSvnelobebi SeiZleba miiRos eleqtronebis fardobiTi
moZraobis momentma heliumismagvari atomebis orTo da
paramdgomareobebSi?

10.9. variaciuli meTodis gamoyenebiT ipoveT  heliumismagvari

atomis S32 mdgomareobis energia da ionizaciis potenciali.
miTiTeba: sacdel funqciad aiReT saTanadod simetrizebuli
wyalbadis s2 da s1 mdgomareobebis funqciebis namravli

garkveuli effZ efeqturi muxtiT, romelic variaciuli parametris

rols TamaSobs

10.2. mravaleleqtroniani atomebi

10.10.ipoveT atomis aRgznebuli mdgomareobebis SesaZlo Termebi,
romelTac Semdegi eleqtronuli konfiguracia gaaCniaT
(Sevsebuli garsebis zemoT; nn  ): a) pnns  ; b) pnnp  ; g) dnnp  .
10.11.ipoveT atomis aRgznebuli mdgomareobebis SesaZlo Termebi,
romelTac Semdegi eleqtronuli konfiguracia gaaCniaT

(Sevsebuli garsebis zemoT): a)   ;2np b)   ;3np g)  4np
xundis wesis gamoyenebiT miuTiTeT atomis normaluri Termi.
10.12. ipoveT N da Cl atomebis ZiriTadi Termebi
10.13. gansazRvreT atomuri Termebis luwoba, romelTac Semdegi

eleqtronuli konfiguracia gaaCniaT: a)   ;kns b)   ;knp g)   ;knd
10.14. ras udris atomis damoukidebel mdgomareobaTa ricxvi,

romelTa eleqtronuli konfiguraciaa  3nl da romelic

Seesabameba
2
3
S eleqtronebis jamur spins?

10.15. atomis agznebul mdgomareobebs, romelTa eleqtronuli

konfiguraciaa )( nnlnns  ,Seesabameba ori Termi: L1 da L3 ( L -
jamuri orbitaluri momentia, 0L ). ganixileT eleqtronebs
Soris urTierTqmedeba, rogorc SeSfoTeba da aCveneT, rom
tripleturi Termis energia singleturi energiis dablaa. ar
daakonkretoT nsda ln eleqtronebis radialuri funqciebis
saxe.
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miTiTeba: aCveneT, rom gacvliTi urTierTqmdebis integrali
dadebiTi sididea.
10.16. Tomas-fermis modelSi gamoiyeneT neitraluri atomis
eleqtronuli simkvrivis formula da ipoveT eleqtronis
birTvidan saSualo daSorebis damokidebuleba Z -ze.
10.17. Tomas-fermis modelSi ipoveT eleqtronebis impulsebis
mixedviT ganawileba neitralur atomSi, romlis birTvis muxtia

Z . gaiTvaliswineT, rom  am modelis  x universaluri funqcia
monotonurad klebulobs x -is zrdasTan erTad.
10.18. vipovoT Tomas-fermis ganawilebaSi s mdgomareobaSi myofi
eleqtronebis raodenobis damokidebuleba Z -ze.
10.19. neitraluri atomisaTvis Tomas-fermis modelSi gamosaxeT
)(rn eleqtronuli simkvrivis saSualebiT eleqtronebis

kinetikuri energia, maTi erTmaneTTan da birTvebTan
urTierTqmedebis energia.
10.20. Tomas-fermis modelSi miiReT neitraluri atomis sruli
energiis damokidebuleba )(rn eleqtronul simkvriveze.

10.21. isargebleT wina 10.20 amocanaSi miRebuli SedegiT   rnE -
Tvis da aCveneT, rom am gamosaxulebis minimizaciiT miiReba

tomas-fermis gantoleba. igulisxmeba, rom    ZdVrn
miTiTeba: minimizaciiT miRebuli gantolebis orive mxareze

imoqmedeT  operatoriT da gamoiyeneT toloba  r
r

41


10.3. oratomiani molekula

10.22. ori eleqtronisagan Sedgenili sistemis mdgomareoba

aRiwereba talRuri funqciiT  21, rr
 ,sadac  spinuri

funqciaa, xolo sivrculi cvladebis  21, rr
 funqcias Semdegi

saxe aqvs

a)  ;, 21 rrf b)    ;, 210201 rrfnrnr 
 g)       ;, 210210201 rrfnrrnrnr 


sadac 0n


mudmivi veqtoria.

CaatareT aRniSnuli mdgomareobebis klasifikacia oratomiani
molekulebis Teoriis Sesabamisad.

10.23. miuTiTeT wyalbadis 
2H molekuluri ionis Termebi,

romelebic SesaZloa miRebul iqnes protonisa da wyalbadis
atomis SeerTebis Sedegad, romelic imyofeba 2n mTavari
kvanturi ricxvis mqone mdgomareobaSi.

10.24. gansazRvreT NOHClLiHN ,,,2 oratomiani molekulebis
Termebi, romlebic SesaZloa miRebul iqnen ZiriTad
mdgomareobaSi myofi Sesabamisi atomebis SeerTebis Sedegad.
miTiTeba: gaiTvaliswineT, rom OClHLiN ,,, atomebis ZiriTadi

Termebia guggu PPSSS 32224 ,,,,
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10.25. SesaZlebelia Tu ara protonebis adiabaturi daSorebisas

2H wyalbadis molekulis Termebidan miRebul iqnas aRgznebul
mdgomareobaSi myofi wyalbadis ori atomi?
10.26. SesaZlebelia Tu ara LiH molekulis Termebidan birTvebis
adiabaturi daSorebisas miviRoT aRgznebul mdgomareobaSi
myofi wyalbadis atomi?
miTiTeba: liTiumis atomis ZiriTadi mdgomareobis ionizaciis
potenciali 2,0I at.erT.

10.27. CaTvaleT, rom cnobilia 2H wyalbadis atomis Semdegi
maxasiaTeblebi:
a) molekulis ZiriTadi mdgomareobis or araagznebul

wyalbadis atomad disociaciis 46,40 I ev. energia.

b) molekulis e rxevis sixSire 54,0e ev.

g) rotaciuri cvladi 3106,7 eB ev.

am monacemebiT ipoveT es sidideebi HDda 2D molekulebisaTvis
anu im molekulebisaTvis, romlebSic erTi an orive birTvi-
pronebi Canacvlebulia deitroniT.

10.28. variaciuli meTodis gamoyenebiT ipoveT 
2H wyalbadis

molekuluri ionis ZiriTadi Termis  RE0 energia. miTiTeba:

sacdel funqciad aiReT   R
r

e
R

r



 

 3

3
, sadac r eleqtronis

daSorebaa birTvebis (protonebis) SemaerTebeli monakveTidan,
xolo  variaciuli parametri.

10.29. wina 10.28. amocanaSi miRebul  ,0 RE gamosaxulebaSi aiReT

9,1 ( -s am mniSvnelobisaTvis  ,0 RE ori cvladis funqcias

gaaCnia absoluturi minimumi garkveuli 0R TvisaTvis, romelic

dasadgenia). ipoveT 0R ionis zoma ( 0R manZilia ionis birTvebs

Soris wonasworobis mdgomareobaSi), Termis 0E minimaluri

energia da birTvebis (ionis protonebis) nulovani rxevebis 0W
energia. SeadareT miRebuli Sedegebi eqsperimentalur monacemebs

20 R atom.erT, 6,00 E atom.erT, 0044,00 W atom.erT. SeiZleba

Tu ara mocemuli amocanis amoxsnis safuZvelze davaskvnaT, rom

arsebobs 
2H stabiluri ioni?

10.30. oratomiani molekulisaTvis cnobilia sam mimdevrobiT

brunviT doneebs Soris 2,01 E mev da 3,02 E mev. ipoveT
brunviTi energia Sua donisaTvis.
10.31. vipovoT energia, romelic aucilebelia wyalbadis
molekulis aRsagznebad ZiriTadi mdgomareobidan pirvel rxeviT

 1N doneze gadasasvlelad. ramdenjer aris meti es energia

mocemuli molekulis pirvel brunviT  1v doneze

gadasvlelad? wyalbadis molekulisaTvis 1410279,8  1/wm da
3105,28 x
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10.32. HF molekulisaTvis daTvaleT brunviTi doneebis ricxvi,
romlebic moTavsebulia ZiriTad da pirvel agznebul rxeviT
dones Soris.
miTiTeba: CaTvaleT, rom brunviTi moZraoba damoukidebelia
rxeviTi moZraobisagan.
10.33. paulis principis saSualebiT daadgineT maqsimaluri
mniSvneloba  ,, eqvivalenturi eleqtronebisa oratomian

molekulaSi.
10.34. oratomian molekulas Semdegi eleqtronuli kombinaciebi
gaaCnia:
a) ori eqvivalenturi  eleqtroni.
b) ori araeqvivalenturi  eleqtroni.
g) erTi  da erTi  eleqtroni.
d) ori eqvivalenturi  eleqtroni.
e) ori araeqvivalenturi  eleqtroni.
TiToeul SemTxvevaSi ipoveT SesaZlo eleqtronuli

mdgomareobebi molekulis anu 12S simboloebi.
10.35. ipoveT oratomiani molekulis eleqtronuli garsis jamuri
momentis proeqciis SesaZlo mniSvnelobebi Semdeg eleqtronul

mdgomareobebSi 1 , 3 da 2 .
10.36.. gansazRvreT OH molekulis SesaZlo eleqtronuli
Termebi, romlebic warmoiqmneba Jangbadis  da wyalbadis

atomebis  P3 da  S2 normaluri Termebidan.
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Tavi 11. moZraoba magnitur velSi

ZiriTadi cnebebi da formulebi

magnitur velSi moZravi s spinis da 0 magnituri momentis

mqone damuxtuli nawilakis hamiltonians (paulis hamiltonians)
Semdegi saxe aqvs

sH
s

UA
c
ep

m
H ˆˆ

2
1ˆ 0

2
 







  (11.1)

amasTan

ArotH


 ; P  
 ip̂ (11.2)

siCqaris operators Semdegi saxe aqvs

m
cAepv /ˆˆ


 
 (11.3)

romlis komponentebi Semdeg komutaciur Tanafardobebs
akmayofileben

  liklki H
cm

ievv 2ˆ,ˆ 
 (11.4)

erTgvarovan magnitur 0H velSi ganivi (magnituri velis

marTob sibrtyeSi) moZraobisas damuxtuli uspino nawilakis
energetikuli speqtri diskretulia (e.w. landaus doneebi)

mc
He

nnE EEn
0;2,1,0,

2
1







   (11.5)

Tu nawilaks aqvs s spini da 0 magnituri momenti, maSin

landaus doneebs aseTi saxe aqvT

mc
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n
s
Hs

nE E
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En
00 ;2,1,0,

2
1







  


 (11.6)

sadac zs nawilakis spinis operatoria magnituri velis gaswvriv.
magnitur velSi denis simkvrive ori Sesakrebis saxiT moicema

sporb jjj

 (11.7)

sadac pirveli Sesakrebi orbitalur moZraobasTanaa
dakavSirebuli

       A
mc
e

m
iejorb

 2

2
(11.8)

xolo meore – nawilakis spinur magnitur momentTan

  scrot
s

jsp ˆ0
(11.9)
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11.1. gal. 6.1. aCveneT, rom veqtoruli potencialis garkveuli
yalibrebisas magnitur velSi damuxtuli nawilakis
hamiltoniani
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2
2

22

2
ˆ

2

ˆ
ˆ A

mc
epA

mc
e

m
pH






11.2. vipovoT siCqaris v̂operatori damuxtuli nawilakisa
magnitur velSi. daadgineT komutaciuri Tanafardobebi am

veqtoris sxvadasxva komponentebs Soris  ki vv ˆ,ˆ da aseve ipoveT

komutatori  ki xv ˆ,ˆ
11.3. erTgvarovan magnitur velSi moZravi damuxtuli
nawilakisaTvis ipoveT ganivi (magnituri velisadmi marTobi)

moZraobis orbitis centris 0̂


koordinatis operatori, misi

kvadrati 2
0̂


da orbitis radiusis kvadratis 2̂ operatori.

11.4. daadgineT wina 6.3. amocanaSi miRebuli 0̂

, 2
0̂


da 2̂
operatorebis komutaciuri Tanafardobebi erTmaneTTan da
hamiltonianTan.

11.5.ipoveT stacionaluri mdgomareobebis normirebuli talRuri
funqciebi da energiis doneebi damuxtuli uspino nawilakisa,
romelic moZraobs erTgvarovan z RerZis gaswvriv mimarTul
magnitur velSi veqtoruli potencialis Semdegi yalibrebebisas:

a) 0,,0 0  zyx AxHAA ;

b) A 0,0,0  zyx AAyHA
miTiTeba: gamoiyeneT is faqti, rom operatorebi yp̂ da

zp̂ komutireben erTmaneTTan da sistemis hamiltonianTan



















  2

2

0
2 ˆˆˆ

2
1ˆ

zyx pxH
c
eppH


da amocana daiyvaneT

erTganzomilebiani oscilatoris amocanaze. ( b) SemTxvevaSi

komutireben B yp̂ zp̂ da am yalibrebis Sesabamisi Ĥ ).

11.6. wina 11.5 amocanaSi napovni iqna ori sruli sistema talRuri

funqciebisa
zy pnp da

zx pnp , romlebic aRweren stacionaluri

mdgomareobebs damuxtuli nawilakisa erTgvarovan 0H magnitur

velSi moZraobisas veqtori velis ori sxvadasxva yalibrebis
SemTxvevaSi. vipovoT Tanafardoba am talRur funqciebs Soris.
miTiTeba: warmoadgineT (gaSaleT) erT-erTi funqcia meore
funqciebis superpoziciebad da gamioyeneT is faqti, rom
potencialebis yalibruli gardaqmna SeiZleba ganvixiloT
rogorc unitaruli gardaqmna, romesac axorcielebs operatori
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 f
c
ieU


expˆ

sadac f gansazRvravs yalibrul gardaqmnas

fAA 


11.7. ipoveT stacionaluri mdgomareobebis normirebuli
talRuri funqciebi da energiis doneebi damuxtuli uspino
nawilakisa, romelic moZraobs erTgvarovan magnitur velSi

veqtoruli potencialis Semdegi yalibrebisas:  rHA 
02

1
 .

SesaZloa Tu ara erTianze vanormiroT ganivi moZraobis
talRuri funqciebi?

miTiTeba: gamoiyeneT is faqti, rom operatorebi zl̂ da

zp̂ komutireben erTmaneTTan da sistemis hamiltonianTan ( z RerZi

arCeulia 0H


velis gaswvriv) da amocana daiyvaneT

gadagvarebuli hipergeometriuli funqciebis gantolebaze.
11.8. ipoveT 11.3 amocanaSi ganxiluli erTgvarovan magnitur
velSi moZravi damuxtuli nawilakisaTvis ganivi (magnituri

velisadmi marTobi) moZraobis orbitis centris  kvadratis 2
0̂


da orbitis radiusis kvadratis 2̂ operatorebis sakuTari
mniSvnelobebi.
11.9. ipoveT ganivi sivrculi ganawileba erTgvarovan magnitur

velSi moZravi damuxtuli nawilakisa
znmp stacionalur

mdgomareobebSi (ixileT 11.7), rodesac n
e
em  .

11.10. ipoveT stacionaluri mdgomareobebis normirebuli
talRuri funqciebi da energiis doneebi damuxtuli uspino
nawilakisa, romelic moZraobs urTierTmarTob erTgvarovan
magnitur da eleqtrul velebSi. mimarTeT z RerZi magnituri
velis gaswvriv, xolo x eleqtruli velis gaswvriv. ganixileT

Yyalibreba 0 zx AA da HxAy  .

miTiTeba: gamoiyeneT is faqti, rom operatorebi yp̂ da

zp̂ komutireben erTmaneTTan da sistemis hamiltonianTan  da
amocana daiyvaneT erTganzomilebiani oscilatoris amocanaze.
11.11. ipoveT stacionaluri mdgomareobebis normirebuli
talRuri funqciebi da energiis doneebi damuxtuli uspino
nawilakisa, romelic moZraobs parlelur erTgvarovan magnitur
da eleqtrul velebSi.
miTiTeba: isargebleT 11.7. da 2.74 amocanebis SedegebiT

11.12. ipoveT stacionaluri mdgomareobebis energiis doneebi da
normirebuli talRuri funqciebi damuxtuli sferuli

oscilatoris (damuxtuli nawilaki   2

2
1 krrU  centralur

velSi), romelic imyofeba erTgvarovan magnitur velSi.
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SeiswavleT zRvruli SemTxvevebi susti da Zlieri magnituri
velebisa.
miTiTeba: gamoiyeneT cilindrul koordinatTa sistema ( z RerZi
magnituri velis gaswvriv  is mimarTeT) da is faqti, rom

operatorebi zl̂ da 22
ˆ

2

2

22 kz
z

H l 







komutireben erTmaneTTan da

sistemis hamiltonianTan  da amocana daiyvaneT 11.7 amocanaze.
11.13. ipoveT stacionaluri mdgomareobebis energiis doneebi da
normirebuli talRuri funqciebi damuxtuli brtyeli
oscilatoris (damuxtuli nawilaki, romelic sibrtyeze
asrulebs moZraobas fiqsirebuli wertilidan mocemul
a manZilze),romelic imyofeba brunvis sibrtyis marTob
erTgvarovan magnitur velSi.
11.14. aCveneT, rom sivrcis SezRudul areSi nulisagan

gansxvavebul  rH  magnitur vels ar SeuZlia ’’CaiWiros’’
damuxtuli uspino nawilaki anu ar arseboben nawilakis iseTi
stacionaluri mdgomareobebi, romlebSic is lokalizirebulia
sivrcis SezRudul areSi.
11.15. erTgvarovan magnitur velSi vipovoT stacionaluri
mdgomareobebis talRuri funqciebi da Sesabamisi energetikuli
doneebi neitraluri nawilakis, romelsac 2/1s spini gaaCnia da

aqvs spinuri magnituri momenti 0 (  ˆˆ
0


 ).

miTiTeba: mimarTeT z RerZi magnituri velis gaswvriv. da

gamoiyeneT is faqti, rom p̂ da
2
ˆ

ˆ z
zs

 operatorebi komutireben

erTmaneTTan da amocanis hamiltonianTan.

11.16.ipoveT neitronis solenoidis magnitur velSi ganivi
moZraobis stacionaluri mdgomareobebis diskretuli speqtris
energetikuli doneebi da talRuri funqciebi.
miTiTeba: mimarTeT z RerZi magnituri velis gaswvriv

solenoidis SigniT da gamoiyeneT is faqti, rom
2
ˆ

ˆ z
zs



operatori komutirebs amocanis hamiltonianTan.
11.17. neitroni imyofeba Semdegi saxis stacionalur magnitur
velSi

  HHHH z  ,0
(cilindrul koordinatTa sistema). daiyvaneT neitronis
stacionaluri mdgomareobebis talRuri funqciebis da
energetikuli speqtris povnis amocana erTganzomilebiani
talRuri gantolebis amoxsnaze.
miTiTeba: mimarTeT z RerZi magnituri velis gaswvriv da

gamoiyeneT is faqti, rom zŝ , zz lp ˆ,ˆ operatorebi komutireben
erTmaneTTan da amocanis hamiltonianTan.

11.18. ipoveT erTgvarovan magnitur velSi 0 magnituri momentis

mqone 2/1s spiniani damuxtuli nawilakis stacionaluri
mdgomareobebis talRuri funqciebi da energiis doneebi.
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miTiTeba: gamoiyeneT 10.5ªa) da 10.7 amocanebis Sedegebi.
11.19. aCveneT, rom paulis hamiltoniani eleqtronisaTvis da 
mezonisaTvis eleqtromagnitur velSi Semdegi saxiT SeiZleba
Caiweros

 re
A
c
epi

H 















 


2

ˆˆ
ˆ

2

samarTliania Tu ara hamiltonianis am saxiT Cawera sxva 2/1s
spiniani nawilakebisaTvis (protoni, neitroni da a.S)
miTiTeba: gamoiyeneT 11.2 amocanis Sedegebi da paulis matricis
Tvisebebi.
11.20. aCveneT, rom stacionalur erTgvarovan magnitur velSi
eleqtronis moZraobisas spinis proeqcia siCqaris mimarTulebaze
moZraobis integralia.
SenarCundeba Tu ara es Sedegi sxva nebismieri 2/1s spiniani

nawilakisaTvis?
miTiTeba: gamoiyeneT wina 11.19-is Sedegebi.

11.21. aCveneT, rom damuxtuli, spiniani, magnituri momentis mqone

nawilakis erTgvarovan, droSi cvalebad  tH


magnitur velSi
moZraobisas (da nebismier eleqtrul velSi) talRuri funqcia
SesaZloa Caiweros rogorc koordinatuli funqciisa da spinuri
funqciebis namravli.
miTiTeba: gamoiyeneT am Tavis Sesavali nawilis (11.1) paulis
gantoleba.

11.22. ipoveT 2/1s spiniani  magnituri momentis mqone
nawilakis spinuri talRuri funqciis droze damokidebuleba, da
spinis veqtoris komponentebis saSualo mniSvnelobebi, romelic
moZraobs erTgvarovan stacionalur magnitur velSi.
miTiTeba: mimarTeT z RerZi magnituri velis gaswvriv da
gamoiyeneT wina 11.21 amocanis Sedegebi.
11.23. ganazogadeT wina 11.22 amocanis Sedegebi zarastacionaluri
magnituri velis SemTxvevaSi, romlis mimarTuleba ucvleli

rCeba anu     0ntHtH 
 .

11.24. 2/1s spiniani  magnituri momentis mqone nawilaki

imyofeba Semdegi saxis erTgvarovan  tH magnitur velSi

00101 ;sin;cos HHtHHtHH zyx  
sadac 01,0 ,H mudmivebia.

0t momentSi nawilaki imyofeba 2/1zs mdgomareobaSi. ipoveT

zs -is sxvadasxva mniSnelobebis povnis albaTobebi t momentSi.
miTiTeba: dawereT sredingeris gantoleba spinuri talRuri

funqciis    










)(tb
ta

t )(ta da )(tb komponentebisaTvis. miRebuli
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gantoleba a
ti

a ~
2

exp 0










da b
ti

b ~
2

exp 0










CasmebiT daiyvaneT

mudmivkoeficientebian diferencialur gantolebaTa sistemaze.
11.25. magnitur velSi myofi damuxtuli uspino nawilakisaTvis
daadgineT Tanafardoba orbitaluri momentisa l da magnituri
momentis  saSualoebs Soris.

11.26. erTgvarovan magnitur velSi moZravi damuxtuli uspino

nawilakisaTvis (romelic imyofeba
znmp stacionalur

mdgomareobaSi) ipoveT denis simkvrivis operatori. (ixileT
amocana 11.7)
miTiTeba: gamoiyeneT am Tavis Sesavali nawilis (11.8) formula,
romelic uspino nawilakisaTvis aris gamosadegi.
11.27. erTgvarovan magnitur velSi moZravi damuxtuli 2/1s
spiniani 0 magnituri momentis mqone nawilakisaTvis, romelic

imyofeba
zzsnmp stacionalur mdgomareobaSi, (ixileT amocana

11.18).
miTiTeba: gamoiyeneT am Tavis Sesavali nawilis (11.7) formula.

11.28. eleqtroni imyofeba ZiriTad mdgomareobaSi birTvis
kulonur velSi. ipoveT eleqtronis mier sivrceSi Seqmnili
saSualo magnituri veli.
miTiTeba: gaiTvaliswineT, rom ZiriTad mdgomareobaSi denis
gamosaxulebaSi wvlili Seaqvs mxolod (11.9) spinur nawils da
gamoiyeneT eleqtrodinamikis cnobili formula vetor-

potencialisaTvis    




rR
dVrj

c
RA 

 1
.

11.29. koordinatTa saTaveSi ipoveT saSualo magnituri veli,

romelsac qmnis 2/1s spiniani 0 magnituri momentis mqone

nawilaki, romelic imyofeba centralur velSi s mdgomareobaSi.
miTiTeba: gaiTvaliswineT, rom ZiriTad mdgomareobaSi denis
gamosaxulebaSi wvlili Seaqvs mxolod (11.9) spinur nawils,
gamoiyeneT wina 11.28 amocanis formulebi da Semdegi

Tanafardoba  r
r

41
 .
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pasuxebi

1.1 wrfivi opratorebis Teoriis ZiriTadi debulebebi

1.1. yvela operatori wrfivia, garda K̂ operatorisa. yvelas
gaaCnia Sebrunebuli operatori:

12
1
12

1111 ˆˆ;ˆˆ;ˆ;ˆ;ˆˆ PPKKMIITT caa  




1.10.    








 xx
dx
dx

dx
dx

dx
dD 3333ˆ 32

2

2

3

3

1.11. 2

2

3

3 3ˆ
dx
d
xdx

dL 





1.12. a)   ;sin4cos2cosˆ 2 xxxxxA    xxxxxB sin3cos1cosˆ 2 

b)   xx exxeA 242ˆ  ;   xx exxeB 231ˆ 

1.13. ;ˆ
2

2
2

dx
dx

dx
dxA  13ˆ

2

2
2 

dx
dx

dx
dxB

1.14.   222 2ˆ AAdiviAiL




 

1.15. a) Tu gavSliT eqsponentas mwkrivad da gaviTvaliswinebT,

rom 1ˆ2 I , miviRebT    IaiaIia ˆsincosˆexp  .

b) advili saCvenebelia, rom  







n

n

a dx
dax

n
L

!
1ˆ operatoris

moqmedeba kx -ze aris  kak
a xexL ˆ . amitom Tu  x funqcias

gavSliT teiloris mwkrivad,miviRebT

     xexe
k
c

x
k
c

LxL a

n n

kakkk
aa    !!
ˆˆ

1.16. ganvsazRroT aT̂ operatori Semdegi tolobiT

   axxTa ˆ

da gavSaloT  ax  mwkrivad

   





0 !n
n

nn
x

dx
d

n
aax 

da radganac 





0 !n

x
n
e

n
x

, sabolood gveqneba

dx
da

a eT ˆ

1.17. ganvsazRvroT T̂ operatori tolobiT

   arrTa

ˆ

Tu gavSliT  ar 
 -s teiloris mwkrivad r -is maxloblad,

miviRebT
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a

a eT̂

1.18. ganvsazRvroT aT̂ operatori tolobiT

    T̂
Tu gavSliT    -s teiloris mwkrivad  -is maxloblad,
miviRebT





d
d

eT ˆ
1.19.  toli iqneba.

1.23.  
dx
dx 2, 

1.24. MLMMLA ˆ2ˆˆˆˆ 22 
1.25. wina 1.24 amocanis Sedegis gamoyenebiT, induqciis meTodiT
SeiZleba davamtkicoT, rom samarTliania toloba

1ˆˆˆˆˆ  nnn LnMLLM (1)
ganmartebis Tanaxmad

    
 n

n
L

n
fLf ˆ
!
0ˆ (2)

amitom (1) da (2) – dan gveqneba

           
 








 

1

1

0

ˆ
!1
0ˆˆˆˆ

!
0ˆˆˆˆˆ

n

n
n

n

nn
n

L
n
fLMML

n
fLfMMLfA (3)

Tu davuSvebT, rom 11 nn  , maSin (3)-dan miviRebT
         















0 0 11

1

1

1

1

1
1

1
ˆˆ

!
0ˆ

!
0

n

n

n

n
n

n
LfL

n
fL

n
f

(4)

amrigad gveqneba

     LfLfMMLfA ˆˆˆˆˆˆ  (5)

1.26. 1 mn
1.27 a) gavamravloT 1ˆˆˆˆ  ABBA toloba B̂operatorze jer

marcxnidan, Semdeg ki marjvnidan. miviRebT BABBAB ˆˆˆˆˆˆ 2  da

BBABBA ˆˆˆˆˆˆ 2  .am tolobebis SekrebiT miviRebT   BBA ˆ2ˆ,ˆ 2  .

1.29. zogadad ar komutireben. magaliTad, yp̂ operatori

komutirebs x da xp̂ operatorebTan, romlebic erTmaneTTan ar

komutireben.

1.37.    
n

n

n ABABA 







0

111 ˆˆˆˆˆ 

1.39. a) xpi ˆ2  ; b) xi2 ;

1.40. a)  xppxi xx ˆˆ2  b)
dx
dxx 26 

1.44. gvaqvs

           xaTxexpia
n

x
dx
da

n
ax

api

n

n
n

n
n

n
n 






 









ˆˆ
!
1

!
1 ˆ

00
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cxadia, rom    /ˆexpˆ apiaT  transliaciis operatoria,sadac

dx
dip ˆ impulsis operatoria. amitom pirdapir SeiZleba

Cveneba, rom

  0ˆ
2
1,ˆ 2 



 p

m
aT (1)

xolo

                  
        0

ˆˆ,ˆ




axxVaxaxV
xaTxVxxVaTxxVaT




(2)

radganac amocanis pirobis    xVaxV  . (1) da (2)-dan aSkarad

Cans hamiltoniani komutirebs transliaciis  aT̂ operatorTan.

1.48. a

1.49. 1 xi


1.50.  






 xf
dx
d , =

dx
dfi


1.58.
dx
dA ˆ

1.59.   n

n
n

dx
dA 1ˆ 

1.60. aa TT 


  ˆˆ
1.61.




































d
di

d
di

ee

1.62. radganac  zyxf ,, funqciis namdviloba niSnavs, rom

sruldeba piroba  ff , amitom damtkiceba cxadia.
1.72. davuSvaT samarTliania

BiAL ˆˆˆ  (1)
maSin

BiAL ˆˆˆ  (2)
am ori tolobidan miviRebT

i
LLBLLA
2

ˆˆ;
2

ˆˆˆ





 (3)

1.73. CavweroT BiAL ˆˆˆ  ,saidanac

 ABBAiBAL ˆˆˆˆˆˆˆ 222  (1)

cxadia, rom 2L̂ operatori ermituli iqneba ( Â da B

operatorebis

ermitulobis gaTvaliswinebiT), roca 0ˆˆˆˆ  ABBA .
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1.2 sakuTari funqciebi da mniSvnelobebi. saSualos
cneba.proeqciuli da unitaruli operatorebi

1.76.a)sakuTari funqciebia   xiex   , sadac  nebismieri namdvili
ricxvia.

b) sakuTari funqciebia   xiex   , sadac  nebismieri namdvili
ricxvia.
orive SemTxvevaSi speqtri uwyvetia.

1.77. sakuTari funqciebia   2

2xx
cex





 , sadac c da  nebismieri

ricxvebia. es amonaxsnebi akmayofileben sasrulobis,uwyvetobis
da calsaxobis moTxovnebs. speqtri uwyvetia.

1.78. ,...2,1;2;  n
a
nCe xi  

1.79. sakuTari funqciebia    imce , sadac ,...2,1,0 m
1.80. imisaTvis, rom vipovoT amoxsna sakuTari funqciebis
gantolebisa





d
dsin (1)

gavSaloT
d
dsin operatori mwkrivad

 
 





















0
12

12

5

5

3

3

!12
1...

!5
1

!3
1sin

k
k

kk

d
d

kd
d

d
d

d
d

d
d 








(2)

(1)-is amoxsna (2)-is gaTvaliswinebiT unda veZeboT Semdegi saxiT

   e da funqciis calsaxobis piroba msgavsad wina 1.79

amocanisa mogvcems  ,...2,1,0  mim .am amoxsnis CasmiT (1)
gantolebaSi miviRebT sakuTari mniSvnelobebs

 
     










0

sin
!12

1
k

k
k

imim
k



1.81. analogiurad 1.80 amocanisa gveqneba

   me ; mcos ; ,...2,1,0 m
1.82. analogiurad 1.80 amocanisa gveqneba

   me ; ama ; ,...2,1,0 m

1.83.  
x
xCx  sin

 ,sadac  nebismieri namdvili ricxvia.

1.84. 9A
185. a) axe ; b) axe da axsin
1.86. sakuTari funqciaa kxkx sincos  , xolo sakuTari mniSvnelobaa

2k .
1.87. Aa) 4A ; b) 1A
1.88. 2A
1.89. kA 
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1.90.   ,...2,1;;sin
2







 n
l
nxC 

1.91. a)    yikyxf yexp, ; b)   zkykxkiA zyx exp ; g)    xikzyf xexp,

aq zyx
p

k ,,;  



, xolo f nebismieri funqciaa.

1.97. sakuTari funqciaa    xfex i  , sadac  nebismieri namdvili

sididea, xolo  xf nebismieri namdvili funqciaa.

1.100. a) ikxikx BeAe  21 ; ; sadac 2
2 2



mEk  , xolo E energia-

sakuTari mniSvnelobaa. b) ...3,2,1;sin;
2 2

22
 nx

a
nC

ma
nE nn


;

talRur funqcias eqneba 1n kvanZi.

1.101. a) cf 2,1 ; b) cff  21 ;0 ; g) cff  3,21 ;0

1.102 sakuTari funqciaa    










 




2

exp
2fxiCxf , xolo sakuTari

mniSvnelobaa nebismieri namdvili f ricxvi. speqtri uwyvetia da
gadaugvarebeli.
105. a) operatorebis arakomutatiuroba ar niSnavs,imas rom ar
arseboben iseTi mdgomareobebi, romlebSic Sesabamis fizikur
sidideebs erTdroulad aqvT gansazRvruli mniSvnelobebi. tuki
aseTi mdgomareobebi arseboben, maTi talRuri funqciebi ar
adgenen srul sistemas. magaliTad, rogorc III TavSi vnaxavT
impulsis momentis operatoris komponentebi erTmaneTTan ar
komutireben, magram 0L mdgomareobaSi impulsis momentis

komponentebs gaaCniaT 0iL gansazRvruli mniSvneloba (ixileT

agreTve 1.105 amocana)
b) Tu operatorebi komutireben, es ar niSnavs, rom Tu A -s
gaaCnia garkveuli mniSvnelobebi, B -sac aqvs garkveuli
mniSvnelobebi. mkacrad SeiZleba iTqvas Semdegi: mdgomareobebi,
romelSic A da B -s erTdroulad aqvT gansazRvruli
mniSvnelobani arseboben da amgvari mdgomareobebis talRuri
funqciebi adgenen srul sistemas. magaliTi: erTganzomilebiani

moZraobisas
dx
dip ˆ impulsis da kinetikuri energiis

m
pT
2
ˆˆ
2



operatorebi komutireben, magram  


xp
Cx 0sin mdgomareobaSi,

kinetikur energias gaaCnia gansazRvruli mniSvneloba,impulsski

ara. Tuki Â operatoris sakuTar mniSvnelobaTa speqtri

gadaugvarebelia, maSin Â operatorTan komutirebad nebismier

operators
iA mdgomareobaSi aseve gaaCnia gansazRvruli

mniSvneloba (ixileT 1.104 amocana)
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1.106.     02ˆˆˆˆ  ababab abbaabABBA . amrigad, 0ab da

amitom an a an b nulia.magaliTi: 0ˆˆˆˆ  xIIx da arsebobs mxolod

erTi talRuri funqcia  x0 , romelic erTdroulad

sakuTari funqciaa x̂ da Î operatorebis, amavdroulad

koordinatis sakuTari mniSvnelobaa 00 x .

1.1.09.sakuTari funqciaa    










 


2

exp
2fxCxf .es funqcia

nebismieri sakuTari mniSvnelobisTvis f , usasrulod izrdeba
x -Tvis. aseTi funqciebi ki gamoiricxeba ganxilvidan, ris

gamoc iTvleba, rom mocemul f̂ operators saerTod ar gaaCnia
sakuTari funqcia.

1.110.sakuTari funqciaa    










 


2
exp

2fxCxf .sakuTari

mniSvneloba f nebismieri kompleqsuri ricxvia.sxvadasxva

sakuTari mniSvnelobebis Sesabamisi talRuri funqciebi ar arian
orTogonaluri.

1.111. Aa)
2
21

1 d

d




;  b)

d22
21




1.112. 2

22

5
;
2 mb

aEbx k




1.113. a) k b) 0 g) 0

1.116. a) kpx x  ;0

1.117. a)   dxc ii  ; b)
2

kc koeficientebi kA fizikuri sididis

povnis albaTobebia  x mdgomareobaSi.

1.118.

22 A ; ax  ;

4
122  ax ;




4
12 x

1.119.
3

1

a
A


 ;

0

2

a
eU 

1.120. A ; 0x ; 2
2

2
1


x ;



2
1

x ; albaToba 21  eW

1.121.
l

A 2
 ;

2
lx  ; 0xp ; 2

22

4
2
ml

Ek




1.122.

212

a
A  ; 0x ; kpx  ; 






  2
2

2 1
4

k
am

Ek


1.124. 0xx  ; 2
0

2
2

2
xax  ;

2

2a
x  ; 0pp  ; 2

02

2
2

2
p

a
p 

 ; 2

2

2ap




1.125. a)
b

A 3
 ; b) nawilakis povna yvelaze didi albaTobaa ax 



103

wertilSi; g) albaToba tolia  
a

b
adxP

0

2 ;Tu ab  , .1P Tu

ab 2 , 2/1P ; d)
4
2 bax 
 ;

1.127. a) axx  12 ; 12 pp  . b) 12 xx  ; 012 ppp 

1.130.   2ˆ
ii CfP  , sadac iC koeficientebi monawileoben  -is

gaSlaSi
kf funqciebad  

k
fk k

C

1.131.
2
1;

2
1 IPIP 




  , sadac I koordinatTa inversiis
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2.4. a) am SemTxvevaSi ar gvaqvs bmuli mdgomareobebi. b)
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energiis doneebs.
2.33.



106

   

















0;

0;sin
;

2

1

23

2

11

xeB

axkxA
axeB

x
x

x










 (1)

sadac
2/1

2,12

2/1

2 )(2;2






 






 EVmEmk


 (2)

sakuTari mniSvnelobebis gantolebaa

  cosarcsinarcsin  aqn (3)
sadac

 






 

2
0;cos,,

2

2

1

1

2
1

1 
V
V

V
E

q
kmVq


(4)

(3) transcendentuli gantolebis amoxsnis Sedegad vpoulobT
energiis doneebs.
2.34.

 
 














cxbxkctgkxkA
bxaxkBxkA

axxkA
x

;cossin
;cossin

0;sin

3333

2222

11

 (1)

sadac

  .3,2,1,2 2
1

2 



  iVEmk ii


(2)

sakuTari mniSvnelobebis gantolebaa

      
      abkakkabkakkbckk

abkakkabkakkbckk



coscossinsinsin
sincoscossincos

1121232

21121233 (3)

(3) transcendentuli gantolebis amoxsnis Sedegad vpoulobT
energiis doneebs.
2.35.

 
   














bxaxbk
abk
akA

axxkA
x

;sin
sin
sin

0;sin

2
2

1
2

11




 (1)

   
  












 ak
abkak
abkabk

ak
aka

A 1
2

2
2

2

22

1

1
2 sin

sin2
2sin2

2
2sin

1
2

1
(2)

 









a
A

ak
akadxw

0

2

1

12
11 2

2sin
1

2
 ; 12 1 ww  (3)

2.36. b)
 

m
nUl
8
12 222

0
2 
 ; oTxi done.

2.37. a)
4
30 




mUl
; b)

3
2

2
l

k
x 


; g)
34
2


w

2.39. b) Sesabamisad mUl /06,2 2
0

2  da mUlm /1,12/06,2 2
0

22  
2.41.    00 00  xx ;    00 00  xx



107

2.42.       0;00 00  axxx

2.43.        02000
200 xmxxx 



;    00 00  xx

2.44. gvaqvs erTaderTi done

2

2

0 2
mE  (1)

romelsac Seesabameba normirebuli talRuri funqcia

    20000 ;exp


mxx   (2)

2.45. 00 2; EUET  ;    2022

33
0

0
2












p
p

2.46.luwi amoxsnebia

     02;sin 2 


mEkaxkAx (1)

sakuTari mniSvnelobebis gantolebaa

m
ktgka
2

 (2)

kenti amoxsnebia

  kxBx sin (3)
energetikuli speqtri ki aris

,...2,1;
2 2

222
 n

ma
nEn


(4)

2.47. a)

 
 












axFe

axBeAe
ikx

ikxikx 0;




mEk 2
 (1)

sasazRvro pirobebidan k -Tvis miiReba gantoleba

  112
2 ikae
k
mi



(2)

da

m
kE
2

22
 (3)

b) talRuri funqcia ar aris normalizirebuli.

2.48. ,...2,1;
2 22

4
 n

n
meEn


(1)

  0;22;
1

0
21

2  






EmExae

n

k

k
kn






(2)

2.49. ...2,1,0,
2
1







  nnEn  (1)

  
























 mxHe
n

mx n
xm

nn

2

24
1

!2

1
(2)



108

sadac   n

zn
zn

n dz
edezH

2
2

)1(


 ermitis polinomebia.

2.50. ...2,1,0,
2
32 





  nnEk 

2.51.   dp
m
pHe

mn
dppa n

m
p

nn 















 22 2

2

!2
1

2

2.52. ...2,1,0,
22

1
2

22







  n

m

Ee
nEk 







 

















2
2 ;
2






m

Ee
x

m
HeC nnn




2.53. a) 0 mdgomareoba luwia, 1 ki kenti. orive mdgomareobaSi

0 px

0 ( 0n ) –Si gvaqvs

2
;

2
22 


mhp

m
x 



1 ( 1n ) –Si gvaqvs

2
3;

2
3 22 


mhp
m

x 


b) 0 ( 0n ) –Si gvaqvs

2

px ; sadac

222 xxx  ;
222 ppp 

1 ( 1n ) –Si gvaqvs

22
3 
px

g)















1;
4
3

0;
2
1

n

n
T























1;
4
3

0;
2
1

n

n
V









2.54.
22

2
1

;
2
12 n

nn

E
n

Vn
m

x 






 







 








2.55. 





 
2
13

2
1

3 T

2.56. 





 






  

2
1ˆˆ

2
1ˆˆˆ aaaaH  

2.58. 





 






  

2
1

2
1ˆˆ naaE nnn  

2.59. 2.57 amocanis Sedegis Tanaxmad

0ˆ 0 a (1)



109

saidanac
2

2
00

xm

eC 






 (2)

n -e mdgomareobis talRur funqcias miviRebT, Tu (2) funqciaze
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miRebuli Sedegebi samarTliania roca sruldeba Semdegi
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8.6. ̂

baf  operators gaaCnia ori sakuTari mniSvneloba

baf 1 da baf 2
8.7. radganac spinis proeqcia nebismier RerZze mxolod or
2/1 mniSvnelobas Rebulobs, spinis proeqciis kvadrats
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9.1.
zs iyos calkeuli nawilakebis normirebuli spinuri

funqciebi, romelTac zs -is garkveuli mniSvneloba gaaCniaT

.,...,1, ssssz  sistemis spinuri (arasimetrizirebuli spinebis

mixedviT) funqciebia    21
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9.3. bozonebisa da fermionebisaTvis es ricxvia  212 s
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9.29. fermionebisaTvis â operatoris sakuTari funciaa 0 da

sakuTari mniSvnelobaa 0, xolo â operatoris sakuTari

funqciaa 1 da sakuTari mniSvnelobaa 0.

bozonebisaTvis â operatoris sakuTari funqciebisa da
sakuTari mniSvnelobebis gantolebas ar aqvs amonaxsni.
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bozonebisaTvis âoperatoris sakuTari mniSvnelobaa nebismieri
kompleqsuri ricxvi.

9.31. fermionebisaTvis 0ˆ 2 a , magram 0ˆ2ˆ 22  aa da amitom
miTiTebuli gardaqmna ar aris unitaruli. bozonebisaTvis
gardaqmna unitarulia da unitarul operators Semdegi saxe aqvs

  aaeU ˆˆˆ 

9.32. fermionebisaTvis 0,1   da 1,0  
bozonebisaTvis unda sruldebodes piroba: 122   .

amasTan 1/ 22  da 12 
9.33. fermionebisaTvis SeiZleba, bozonebisaTvis ara.

9.34. fC warmoadgens gansaxilveli mdgomareobis talRur

funqcias f warmodgenaSi.

9.35.      dVrfrF   ˆ

9.36.    
k

gkif ki
agfCa ˆˆ , ;   

k
gkif ki
agfCa ˆˆ ,

sadac      dgfC
ik fgki ,

9.37.Tu 21 ff  , maSin 0ˆˆ2
21

 ff aa normirebulia erTze, rogorc

bozonebisaTvi,aseve fermionebisaTvis.
normirebuli talRuri funqciebia koordinatul

warmodgenaSi

          212121 12212
1,  ffff 

sadac + da – Sesabamisad Seesameba bozonebs da fermionebs,
xolo  ,r ;  spinuri cvladia.

Tu 21 ff  , maSin normirebul ornawilakovan bozonur

mdgomareobas Semdegi saxe aqvs   0
2
12

2 fa , xolo fermionuli

mdgomareoba ar arsebobs.
normirebuli talRuri funqciebia koordinatul

warmodgenaSi bozonebisaTvis

     2121 21
,  ff

9.38. Tu 321 fff  , maSin 0ˆˆˆ3
321

 fff aaa normirebulia erTze,

rogorc bozonebisaTvi,aseve fermionebisaTvis. bozonebisaTvis
talRuri funqcia napovnia 9.5 amocanaSi, xolo fermionebisaTvis
gveqneba

     
     
     321

321

321

333

222

111

6
1







fff

fff

fff
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10.1. erT da oreleqtroniani atomebis stacionaluri
mdgomareobebi.

10.1. SeSfoTebis operatoria
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R
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R
Ze

r
Ze

Rr
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,3
2

,0

2

222 (1)

xolo ZiriTadi mdgomareobis SeuSfoTebeli talRuri funqciaa

0/
2/1

3
0

3

0
aZre

a
Z 













; 8
2

2

0 1053,0 
em

a
e


sm   (2)

energia ki aris

   
2

22
0
0 2

Zem
E e (3)

        









0

22

0

42
0

222
0

1
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20
5
2

a
e

a
RZRZedVrrVEE 

(4)

 

 
3/810

2

0

2
0
0

1
0 108

5
4 Z

a
RZ

E
E 








 (5)

133/1 105,1(  ZR sm). 1Z -Tvis (5)-dan vRebulobT
 

 
4

0
0

1
0 10
E
E

.

10.2.  






















2/1
1

2/1
1

2
1
3

22

2

4
1

jlnc
emeHEnlj 

10.3.        
mcI
Ie

IJEIJEE HFSHFSHFS 3
0124

2/12/1
2

00 


 

10.4. eleqtronebs Soris urTierTqmedebis uguvebelyofisas
atomur erTeulebSi heliumismagvari ionis ZiriTadi
mdgomareobis talRuri funqciaa

     21
3

210
rrZeZrr 


(1)

romlis Sesabamisi donea
  20
0 ZE  (2)

energiis Sesworeba SeSfoTebis Teoriis pirvel rigSi iqneba

   


 21

21

2
1
0 dVdV

rr
E  (3)

da (1) - (3)-dan miviRebT
    8/521

0
0
00 ZZEEE  (4)

10.5. SeSfoTeba iqneba

  












2121

111ˆ
rr

ZZ
rr

V eff (1)
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da wina (10.4) amocanis analogiurad miviRebT
   8/5221
0  ZZZE effeff (2)

xolo   01
0 E -dan miviRebT

16/5 ZZeff (3)

da sabolood
     21

0
0
00 16/5 ZEEE (4)

10.6.    8/52  ZZZZE effeffeff

am gamosaxulebis effZ minimizaciiT ZiriTadi donis energia iqneba

   20 16/5min  ZZEE eff

ionizaciis potenciali tolia 256/258/52/2/ 2
0

2  ZZEZI

10.7.  
 

   
 

  







































6
33

3

33

2

2222

2

64

20
2

2,














Z

Z
CE

sadac normirebis mudmiva tolia

 

1

6

33
2 641
2
1



















C

10.8. orTo mdgomareobebSi eleqtronebis fardobiTi moZraobis
momenti Rebulobs kent mniSvnelobebs, xolo para
mdgomareobebSi luw mniSvnelobebs.

10.9. effeffeff ZZZZE
729
137

4
5

8
5 2 

am gamosaxulebis effZ minimizaciiT S32 donis energia iqneba

   2
2

3 150,0
8
5

7290
1096

8
5min2 






  ZZESE

anu 150,0 ZZeff da ionizaciis potenciali tolia

 
2

150,0
8
5 2

2 ZZI 

10.2. mravaleleqtroniani atomebi

10.10. a) 2,1,0
1

1
1 ; PP b) 3,2,1

3
2,1,0

3
1

3
2

1
,1

1
0

1 ;;;;; DPSDPS g)

4,3,2
3

3,2,1
3

2,1,0
3

3
1

2
1

,1
1 ;;;;; FDPFDP

10.11.  a) ;;;; 1
3

2,1,0
3

,2
1

0
1 SPDS b) ;;; 2/3

4
2/5,,2/3

2
2/3,2/1

2 SDP g) ;;; 2,1,0
3

2
1

0
1 PDS )

a), b) da g) SemTxvevebSi normaluri Termebia ;,0
3P 2/3

4S da 2
3P

10.12. azotis atomis ZiriTadi mdgomareobis eleqtronuli

konfiguraciaa      322 221 pss da normaluri Termia 2/3
4S .
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qloris atomis ZiriTadi mdgomareobis eleqtronuli

konfiguraciaa          52622 33221 pspss da normaluri Termia 2/3
2P .

10.13 a) 1I b)  kI 1 g) 1I

10.14.
 
 !223

!1244 3
12 


  l

lCN l

10.16. 3/n
nZCr 

sadac

 










0

2
3

2 dx
x
xxbC nn

n


da  x tomas-fermis modelis universaluri funqciaa.

10.17.   pd
Z
pg

Z
pdn 3

33/2

2

3

32
3

128
3







































sadac

   x
xxg



10.18.
 





0

3/13/122 Zdx
x
xZbn 


10.19. kinetikuri energia aris

   dVrnT )(3
10
3 3/53/22

eleqtronebis erTmaneTTan urTierTqmedebis energiaa

U
       dVrndV
r
rnZU 3/5

3/22

1 4
3

2


eleqtronebis birTvTan urTierTqmedebis energiaa

U
 
 dV
r
rnZU 2 3

10.20.         
  




 VdVd
rr
rnrndV

r
nZdVnrnE 2

1
10
33 3/5

3/22

10.3. oratomiani molekula

10.22. a)  g ; b)
u ; g)

 g ; d)
u

10.23. SesaZlo Termebia: ugug   2222 ,,2,2 . cifri 2 simbol  -is
win niSnavs, rom arsebobs ori sxvadasxva Termi Sesabamisi
kvanturi ricxvebiT.
10.24. SesaZlo Termebia:

1) 2N -is   ug
7,35,1 ,

2) HLi -is 3,1

3) HCl -is  3,13,1 ,
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4) NO -is  6,4,26,4,2 ,
10.25. ar aris SesaZlebeli.
10.26. ar aris SesaZlebeli.

10.27. a)   5,40 HDI ev. b)   54,4
20 DI ev.

b)     46,0
2
3

2
 HeHDe   ev.     38,0

2
1

22
 HeDe   ev.

g)    
24

3
HeHDe BB  ;    

22 4
1

HeDe BB 

10.28.       e
RR

RE 2231
2

, 2

2

0

10.29. 97,10 R atom.erT, 47,00 E atom.erT, 008,00 W atom.erT.

ar SeiZleba davaskvnaT, rom arsebobs 
2H stabiluri ioni.

10.30.   3,0
2 12

21
2 





EE
EEE mev.

10.31.   514,021  xE  ev.; 33,7-jer metia.
10.32. 13 done.
10.33. gveqneba ori  eleqtroni da oTx-oTxi  da  eleqtronebi.

10.34. a) 1 ; b) 1 da 3 ; g) 1 da 3 ; d) 1 , 3 da 1 ; e) 1 , 3 ,

1 da 3 .

10.35. zM , sadac  tolia:   0 1 -Tvis, 1 3 -Tvis, 2/1 da 2/3
2 -Tvis.

10.36. 2/3,2/1;1,0  S . gveqneba Semdegi Termebi: 2,12/3
242 ,,,  da

2/12/12,32/5
4 ,,, 

11. moZraoba magnitur velSi

11.1. veqtorul potencials edeba e.w. kulonis yalibreba

0Adiv


11.2.   liklki H
c
ievv 
 2

ˆ,ˆ 
 ;   ikki

ixv 



ˆ,ˆ

11.3. yvxx ˆ1ˆˆ0 
 , sadac

c
eH


 
 da yy A

c
e

y
iv 



 ˆ

xvyy ˆ1ˆˆ0 
 da xx A

c
e

x
iv 



 ˆ

2
0

2
0

2
0 ˆˆˆ yx 
  22

2
2 ˆˆ1ˆ yx vv 




11.4.         0ˆ,ˆˆ,ˆˆ,ˆˆ,ˆ 22
000   HHyHxH

    0,;ˆ,ˆ 22
000  

eH
ciyx

11.5. a)     











 

0
exp

2
1,,

eH
cp

xzpypizyx yosc
nzypnp zy 

(1)
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 22
1 2

0 z
np

pn
c
He

E
z







 


; ,...2,1,0n (2)

sadac osc
n erTganzomilebiani oscilatoris talRuri funqciaa.

b)     











 

0
exp

2
1,,

eH
cp

yzpxpizyx xosc
nzxpnp zx 

(3)

energia cxadia ar iqneba damokidebuli veqtoruli potencialis
yalibrebaze da amitom isev (2) formuliT moicema.

11.6.     





 ypnp

p
ppnp dpnCxy

c
ieHzyx

zy

y

xzx 
exp,,

sadac y

x

p
pC miTiTebaSi aRniSnuli gaSlis koeficientebia.

11.7.   























 2

2

2

2

2
,1,

4
exp,,

a
mrF

a
zpiim

a
Cz z

m

nmpz



(1)

sadac ,...2,1,0 m magnituri kvanturi ricxvia, 0
0


He
ca 

,

xolo r ganisazRvreba tolobidan

,...2,1,0,1212  nnm
e
emr (2)

E  



2

2/1
2

0
zpnE   ;

c
He


 0
0  (3)

(1) talRuri funqcia aRwers nawilakis stacionalur
mdgomareobas erTgvarovan magnitur velSi, romelic
lokalizebulia ganivi mimarTulebiT da amitom Sesazloa misi
normireba yx, sibrtyeSi.

11.8. 2
0̂


-is sakuTari mniSvnelobebia

 
0

222
0 ,...;2,1,0;12)(

He
cakkak




2̂ -is sakuTari mniSvnelobebia

 
0

222 ,...;2,1,0;12)(
He
cannan




11.9. 11.7 amocanaSi miRebuli (1) talRuri funqciidan miiReba

n
e
em  -Tvis

2

2

2
2

22 a
n

n e
a

C


 






 (1)

saidanac (1)-is erTze normirebis pirobidan miiReba

 12
1
12

2




 na
C n

(2)

xolo  da 2 saSualoebisaTvis gveqneba
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0

2

1
2/322

n
nadn  (3)

 



0

2232 122 nadn  (4)

 sididis mixedviT
22 nW   albaTobis simkvrives maqsimumi

aqvs wertilSi

12max  na (5)

11.10.     











  2

2

0
exp

2
1,,

eH
c

eH
cp

xzpypizyx yosc
nzypnp zy


 

  ...2,1,0;
2H2

2/1 2

222

0  n
H
cpcpnE yz 




c
He


 0

sadac osc
n erTganzomilebiani oscilatoris talRuri funqciaa.

11.11. Tu z RerZs mivmarTavT paraleluri eleqtruli da
magnituri velebis gaswvriv, maSin nawilakis hamiltoniani
mxolod ze damatebiTi wevriT gansxvavdeba 11.7 amocanis
hamitonianisagan. amave dros narCundeba nawilakis ’’ganivi’’ da
’’gaswvrivi’’ moZraobebi nawilakisa, oRond axla gaswvrivi
moZraoba Seesabameba nawilakis erTgvarovan velSi moZraobas,
gansxvavebiT Tavisufali moZraobisa 11.7 amocanaSi. amitom 11.7

amocanis energiis (3) formulaSi
2

2
zp wevri unda SevcvaloT lE

gaswvrivi moZraobis energiiT erTgvarovan velSi, xolo 11.7
amocanis (1) formulis gamosaxulebaSi brtyeli talRa





 zpi z


exp ,  z
lE eiris funqciiT (ix. amocana 2.74)

11.12. talRuri funqciaa

  ,...1,0;)(
2
1

2122
 nfze mn

osc
n

im
Emn 


 (1)

sadac

  ,...1,0;
2
,1, 12

2

1
4 2
2

1



















n

a
mnFe

a
Cf a

m

mn




(2)

energia ki iqneba

  





 

2
112

42 2122

22
2

21
nmn

c
He

c
HmeE mnn 








;


 k
 (3)

susti velebis SemTxvevaSi, roca 



c
He

, (3)-dan miiReba
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    2
22

1
2

0

8
12

221
H

c
mne

H
c
meEE Nmnn 





(4)

(4) gamosaxulebaSi    2/30  NEN  aRwers SeuSfoTebel

oscilators, amasTan 212 nmnN  . H -is mixedviT wrfivi wevri

Seesabameba oscilatoris magnituri momentis urTierTqmedebas

magnitur velTan, xolo 2H kvadratuli wevri gansazRvravs
energiis wanacvlebis diamagnitur nawils.

susti velebis SemTxvevaSi, roca 



c
He

, (3)-dan miiReba

 
221 ,1

2

, 12 nl
H

nlmnn EmnEE 



(5)

am SemTxvevaSi speqtris ’’ganivi’’ nawili ZiriTadad ganisazRvreba

magnituri veils moqmedebiT da  2/1,  nE nl  landaus

doonebia, sadac
e
emm

nn
221  . meore wevri (5) gamosaxulebaSi

warmoadgens Sesworebas, romelsac iZleva drekadi Zalis
zemoqmedeba nawilakis ganiv moZraobaze, bolo wevri ki (5)

gamosaxulebaSi  2/12ln2  nE  Seesabameba Tavisufali

rxevebis energias magnituri velis gaswvriv.

11.13.   ,...2,1,0;
2
1

 me imm



 (1)

c
Hme

I
mEm 22

22 
 ; 2aI  (2)

11.14. davuSvaT arseboben lokalizebuli stacionaluri
mdgomareobebi. maSin maTi energia 0E , radganac

 2/ˆˆ cAepH


 hamiltonianis sakuTari mniSvnelobebi dadebiTi

sidideebia. amocanis pirobis Tanaxmad   0rH 


did manZilebze,
amitom veqtoruli potencilic ise SegviZlia avirCioT, rom isic
nulisken midiodes usasrulobaSi, ris gamoc Sredingeris
gantoleba miiRebs Semdeg saxes




Ep 2ˆ
2
1 

(1)

romelic aRwers Tavisufali nawilakis moZraobas anu ar gvaqvs
lokalizebuli stacionaluri mdgomareobebi, rac ewinaaRmdegeba
sawyiss daSvebas.
11.15.   talRuri funqciaa

  zz s

rpi
ps e 






 2/32
1

 (1)

sadac spinuri funqciebi tolia











 0
1

2
1z

s ; 









 1
0

2
1z

s (2)
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xolo energia ki iqneba

zHs
pE 0

2
2

2



 (3)

11.16. talRuri funqciaa

 
zz sEs f  , (1)

sadac
zs spinuri funqciaa da   ,f funqciis gansaszRvravad

amocana dadis Sredingeris gantolebaze Semdeg organzomilebian
velSi

 








R
RUHs

U z





0

;2 00 (1)

sadac 0 neitronis magnituri momentia, R ki solenoidis

radiusi. neitronisaTvis 00  , amitom 2/1zs -Tvis (1)

potenciali warmoadgens potencialur barriers da ar gveqneba

diskretuli speqtri. 2/1zs -Tvis  U potenciali potenciuri

Rradiusiani ormoa HU 00  sirRmiT. stacionaluri

mdgomareobebi aseT ormoSi Seswavlili gvaqvs 4.48 da 4.49
amocanebSi.
11.17. miTiTebaSi mocemuli pirobebis gamo talRur funqcias
eqneba Semdegi saxe

 
zzz s

z
msEp fzpmi 

 













 


exp

2
1

(1)

sadac
zs spinuri talRuri funqciaa da  f funqcia

akmayofilebs gantolebas

  fpEfHsfm z
z 


































 2

21
2

2

02

22
(2)

11.18.  
zzyzzy spnpspnp zyx ,, (1)

z
z

snp sHpn
c
He

E
zz 00

2
0 2

22
1 









 


(2)

11.19. sxva 2/1s spiniani nawilakebisaTvis, romelTaTvisac

c
e



20


 ,ar aris samarTliani  hamiltonianis amocanis pirobaSi

mocemuli saxiT Cawera.
11.20. sxva 2/1s spiniani nawilakebisaTvis, romelTaTvisac

c
e



20


 , ar SenarCundeba es Sedegi.

11.22. spinuri talRuri funqciis droze damokidebulebas ase
gamoiyureba

   
  












iwt

iwt

eC

eC
t

0

0

2

1 (1)
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sadac  02,1C mudmivebi ganisazRrebian sawyisi pirobebidan da

talRuri funqciis normirebis moTxovnis gamo akmayofileben
pirobas

12
2

2
1  CC (2)

spinis veqtoris komponentebis saSualo mniSvnelobebi tolia:

      tststs yxx  2sin02cos0 

      tststs yxy  2sin02cos0  (3)

    conststs xz  0
saidanac Cans, rom  ts veqtori precesirebs magnituri velis

irgvliv 2 kuTxuri siCqariT.
11.23. spinuri talRuri funqciis droze damokidebulebas ase
gamoiyureba

   
  












 ti

ti

eC

eC
t





0

0

2

1 (1)

sadac

  
t

dttHt
0

)(


 (2)

xolo spinis veqtoris komponentebis saSualo mniSvnelobebi
isev wina 11.22 amocanis (3) formulebiT moicema, oRond t unda

SevcvaloT  t -Ti, ase rom am SemTxvevaSi  ts veqtori
precesirebs magnituri velis irgvliv zogad SemTxvevaSi
araTanabrad.
11.24. normirebuli spinuri talRuri funqciaa
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HH
(2)

amitom spinis gadabrunebis albaToba anu t momentSi imis

albaToba, rom spinis proeqcia iyos 2/1zs iqneba

tgW 2sin (2)
sadac

2
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0
2
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2
1

2
2
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11.25.  Ar
c
el

c
e 

2

2

22 
 

11.26. ,,0
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11.27.
2

02,0
znmpzzz csjjj 









11.28.     rfrA   
0 (1)

sadac

  a
R

e
aRr

rf
2111 







  (2)

da

2
2

Ze
a 
 (3)

magnituri ArotH


 velisaTvis ki saTaveSi da did manZilebze
gveqneba

  3
0

3
8

0
a

H
 


 (4)    

5

23
r

rrrrH
r

 
 



(5)

rogorc (5) formulidan Cans atomidan did manZilebze veli

warmoadgens magnituri dipolis vels  
0 magnituri

momentiT.

11.29.   20 0
3
8


 

H

damateba

A. zogierTi gansazRvruli da ganusazRvreli
integrali

vaCvenoT, rom






 dxe x
2

(A.1)

ganvixiloT ori erTnairi integralis namravli, romelSic
gadavideT polarul koordinatebze.gveqneba

        








 










 



2

0 0 0

2222222

2
12 rderdreddxdyedyedxe rryxyx

saidanac miiReba dasamtkicebeli (A.1) Tanafardoba.
aseve advilad miviRebT, rom

0;
2






 a
a

dxe ax  (A.2)

cxadia, rom nebismieri mTeli k ricxvisaTvis
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0
212 





 dxex xk (A.3)

radganac integralqveSa funqcia kentia.






 dxex xk 22 (A.3)

tipis integralebi SeiZleba aviRoT a parametriT gawarmoebis

meTodiT. marTlac, ganvixiloT 




 dxe ax
2

integralis warmoebuli

a parametriT:











 

 dxexdxe
a

axax 22 2 (A.4)

meores mxriv

2
32

1

a
aa





 (A.5)

(A.4) da (A.5)-dan ki miviRebT

0
2
1

2/3
2 2






 a
a

dxex ax  (A.6)

aseve a parametriT k -jer gawarmoebiT miviRebT

    ...2,1,0;0;
2

!!121 2/12
2 2























 ka
a

k
aa

dxex kkk

k
kaxk  (A.7)

sadac !!n aRniSvna niSnavs n -is luwobis yvela ricxvis namravls

1 an 2-dan n -mde.
(A.7) gamosaxulebaSi integralqveSa funqciis luwobis gamo

gveqneba









  dxexdxex xkxk 22 2
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amitom zemoT ganxiluli integralebis analogiurad miviRebT

...2,1,0;0;!1
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aseve advilad iTvleba Semdegi integralebi
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B. dirakis delta funqciis zogierTi Tviseba.

dirakis delta funqcia ewodeba funqcias, romelic ase
ganimarteba

 








0
00

x
x

x (B.1)

(B.1) gamosaxulebaSi ar aris aucilebeli integrebis sazRvrebi
usasrulo iyos.sakmarisia, rom integrebis sazRvrebi Seicavdes
0x wertils. delta funqcia ar warmoadgens funqcias

maTematikaSi ganmartebuli funqciis azriT. kerZod, delta
funqcia ganimarteba ara rogorc argumentis yvela
mniSvnelobisaTvis misi sididis mocemiT (rogorc Cveulebrivi
funqcia), aramed moicema integraciis wesiT uwyvet funqciasTan
gamravlebisas. amitom delta funqcias akuTvneben ganzogadebul
funqciaTa klass.

nebismieri uwyveti  xf funqciisaTvis samarTliania toloba

   




 afdxxfax )( (B.2)

aRvniSnoT ramdenime Tanafardoba, romelsac akmayofilebs
delta funqcia

   xx   (B.3)
  0xx (B.4)
     axafaxxf  )( (B.5)

     




 badxbxax  (B.6)
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xdf
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 (B.7)

sadac ix martivi fesvebia   0xf gantolebis da n nulebis

raodenobaa mTel x RerZze. magaliTad, (B.7) Tanafardobis kerZo
SemTxvevebia Semdegi formulebi

   ;1 x
a

ax   (B.8)

      ;
2

22

a
axaxax 


 (B.9)

(B.3)-(B.9) Tanafardobebis arsi imaSi mdgomareobs, rom isini
erTnair Sedegebs iZlevian, Tu am Tanafardobebis orive mxares
vaintegrebT.
delta funqcia aqvs Semdegi integraluri warmodgena

  




 dkex ikx




2
1 (B.10)

delta funqciis warmoebulebi ganisazRvreba tolobiT

         




 01 nnn fdxxfx (B.11)

sadac n nebismieri mTeli ricxvia.
Semdegi Tvisebebi mkacrad SeiZleba iqnas damtkicebuli

ganzogadebuli funqciebis Teoriis farglebSi;
       xx mmm   1 (B.12)

        axdyayyx nmnm  



  (B.13)

   01  xx mm  (B.14)
pirvel warmoebuls )(x  Semdegi Tvisebebi aqvs

     




 0fdxxfx (B.15)

   xx   (B.16)

     




 axdyayyx  (B.17)

   xxx   (B.18)
  02  xx  (B.19)

  




 dkkeix ikx




2
(B.20)

radganac  funqcia luwi funqciaa, amitom sruldeba toloba

 








a

a
a

dxx
0 0;2/1

0;2/1
 (B.21)

delta funqcia SeiZleba warmodgenil iqnas, rogorc zRvari
Cveulebrivi funqciebis mimdevrobisa.kerZod
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(B.24)

samganzomilebiani  funqcia  r ganimarteba tolobiT

           kdezyxr rki 332
  (B.25)

sadac integreba tardeba zyx kkk ,, cvladebis yvela

mniSvnelobebiT.  r funqcias Semdegi Tviseba gaaCnia

        03 FrdrFr  (B.26)
Tu integreba warmoebs im areSi, romelic moicavs 0r wertils.
aseve samarTliania Semdegi Tanafardobebi

   
22 r
rr

 

 (B.27)

     rrnn
r

rr   
2
2 (B.28)

sadac n da n erTeulovani veqtorebia r  da r mimarTulebiT.

C. specialuri funqciebi.

C.1.  -funqcia

 -funqcia warmoadgens faqtorialis ganzogadebas
nn ...321!  (C.1.1)

faqtoriali ganmartebulia mxolod mTeli dadebiTi
ricxvebisaTvis da akmayofilebs tolobas

    !1!1 nnn  (C.1.2)
faqtoriali SeiZleba warmovadginoT eileris integralis
saxiTac





0
! dtten nt (C.1.3)

Tu SevTanxmdebiT, rom 1!0  .
 -funqcia saSalebas gvaZlevs ganvazogadoT (C.1.2) da (C.1.3)

Tanafardobani nebismieri kompleqsuri iyxz  ricxvisaTvis

      !1;1 nnzzz  (C.1.4)

  



0

1dttez zt (C.1.5)

Tu 0Re z . ase ganmartebul  -funqcias aqvs polusebi uaryofiT
namdvil RerZze ...)2,1,0(  nnz wertilebSi da naSTi am

wertilebSi
 
!
1
n

n
-is tolia.
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kerZo mniSvnelobebi
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sxvadasxva argumentebis  -funqciebs Soris kavSiri
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1  (C.1.8)

    





  

2
1212 12 zzz z



    





 






  

3
2

3
13

2
13 2/13 zzzz z


(C.1.9)

kompleqsuri ricxvis

   ieiyx  (C.1.10)
gamosaTvlelad SeiZleba visargebloT Semdegi gaSlebiT
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sadac



 

0
...577215,01ln dt

t
eC t (C.1.13)

eileris mudmivaa. kerZo SemTxvevaSi, roca 1x , gvaqvs

 
ysh
yiy

  22 1 (C.1.14)

asimptoturi yofaqceva.

1z da zarg -Tvis SeiZleba gamoviyenoT stirlingis

formula

  












 

z
Ozzzz 12ln

2
1ln

2
1ln  (C.1.15)
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   1ln2  zze
z

z  (C.1.16)
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C.2. gadagvarebuli hipergeometriuli funqcia.
zogierTi integrali gadagvarebuli hipergeometriuli

funqciebiT.

G gadagvarebuli hipergeometriuli funqcia ganimarteba Semdegi
mwkriviT

   
  ...

!21
1

!1
1;, 





z

cc
aaz

c
azcaF (C.2.1)

sadac a da c nebismieri parametrebia, garda ...2,1,0;  nnc roca

ca  , maSin  zcaF ;, funqcia eqsponencialur funqciaSi gadadis

  zezaaF ;, (C.2.2)
gadagvarebuli hipergeometriuli funqcia warmoadgens erT-erT
kerZo amonaxsns Semdegi meore rigis diferencialuri
gantolebisa

  02

2





 a
dz
dzc

dz
dz (C.2.3)

anu  zcaF ;,1  . roca c ar aris mTeli ricxvi, maSin (C.2.3)
gantolebis meore damoukidebeli amonaxsnia

 zccaFz c ;2,11
2   (C.2.4)

am SemTxvevaSi (C.2.3) gantolebis zogadi amonaxsnia

21  BA (C.2.5)
sadac Ada B nebismieri mudmivebia.  zcaF ;, funqcia

regularulia 0z wertilSi da   10,, caF .is akmayofilebs
e.w.kumeris Tanafardobas

   zcacFezcaF z  ;,,, (C.2.6)
 zcaF ;, funqcia akmayofilebs Semdeg Tanafardobebsac:

         zcaaFzcaFzcazcaFac ;,1;,2;,1  (C.2.7)
         zcaaFzcaFczcaFca ;,1;1,1;,1  (C.2.8)

   zcaF
c
azcaF

dz
d ;1,1;,  (C.2.9)

Tu TanmimdevrobiT gamoviyenebT (C.2.7) - (C.2.9) formulebs,
miviRebT
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 (C.2.10)

Tu ...2,1,0;  nna , maSin gadagvarebuli hipergeometriuli
funqcia dadis n rigis polinomze
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c
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 (C.2.11)

gadagvarebuli hipergeometriuli funqcia (C.2.11)
dakavSirebulia ganzogadebul lageris polinomebTan Semdegi
tolobiT

   
   zcnF
c
nczLcn ;1,
1
1





 (C.2.12)
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ganzogadebul lageris polinomebs 0c dros ewodebaT lageris

polinomebi da aRiniSnebian ase  zLn . (C.2.11) da (C.2.12)-dan ki

gveqneba

       znFnez
dz
dezL zn
n

n
z

n ;1,1   (C.2.13)

gadagvarebuli hipergeometriuli funqciis yofaqceva mcire z -
ebisTvis ganisazRvreba (C.2.1) mwkrivis pirveli wevrebiT, xolo
didi z -ebisTvis gvaqvs

   
    11;,  


 zOez
a
czcaF zca Tu zRe (C.2.14)

   
      11;,  



 zOz
ac
czcaF a Tu zRe (C.2.15)

rodesac  zcaF ;, funqciis argumenti z SemosazRrulia, xolo
erT-erTi parametri usasrulod izrdeba,gvaqvs Semdegi
asimptoturi gaSlebi

   11;,  cOzcaF , Tu z da a sasruloa,xolo c (C.2.16)

    11;,  cOezcaF z , Tu ac  da z sasruloa,xolo c (C.2.17)
gadagvarebuli hipergeometriuli funqciis didi mniSvneloba

fizikaSi imasTanaa dakavSirebuli, rom am funqciis saSualebiT
gamoisaxeba mravali wrfivi erTgvarovani diferencialuri
gantolebis amonaxsni. magaliTad, ganvixiloT gantoleba

      022112

2

00   bxa
dx
dbxa

dx
dbxa (C.2.18)

roca 0210  aaa am gantolebis amonaxsni

gamoixatebaelementaruli funqciebiT da amitom mas ar
ganvixilavT. (C.2.18) gantoleba

   zxe x , (C.2.19)
CasmiT Semdeg gantolebaze dadis

      022112
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dz

dz
dz (C.2.20)

sadac
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 (C.2.22)

;,2 21
2

02101 aaaAaaA   (C.2.23)

;,2 22
2

02101 bbbBbbB   (C.2.24)
Tu , da  koeficientebs ise ganvsazRvravT, rom sruldebodes
pirobebi

0,0,0 21000  AAaba  (C.2.25)
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maSin (C.2.20) gantoleba emTxveva (C.2.3) gantolebas. amitom (C.2.18)
tipis nebismieri gantoleba dadis gadagvarebuli
hipergeometriuli funqciebis (C.2.3) gantolebaze, Tu moxerxda
, da  koeficientebis ise SerCeva, rom kmayofildebodes

(C.2.25) gantoleba, xolo Semdeg gamoviyenebT (C.2.19) Casmas.

 21,
2
1,22 


ckaWez
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(C.2.26)

CasmiT (C.2.3) gantoleba dadis uitekeris gantolebaze
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(C.2.27)

uitikeris  zWk funqcia, romelic akmayofilebs (C.2.27)
gantolebas, ganisazRvreba Semdegi integraliT
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(C.2.28)

k da  -s yvela mniSvnelobasiTavis, xolo z -Tvis aseve

dasaSvebia yvela mniSvneloba, garda namdvili uaryofiTi

mniSvneloba. Tu  zWk funqcia (C.2.27) gantolebis amonaxsnia,

maSin  zW k   -ic (C.2.27) gantolebis amonaxsnia, radganac k da

z -Tvis erTdroulad niSnebis Secvlisas ar icvleba gantoleba.

 zWk da  zW k   funqciebi adgenen (C.2.27) gantolebis

amonaxsnTa fundamentalur sistemas.

mravali funqcia SeiZleba gamoisaxos  zWk uitekeris

funqciiT. ase magaliTad lageris ganzogadebuli polinomebi
warmoadgenen uitekeris funqciebis kerZo SemTxvevas, Tu maTSi
aviRebT
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1 ccnk   (C.2.29)
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2
1
c dros lageris polinomebi gadadian ermitis polinomebSi
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dz
dezH (C.2.31)

romlebic warmoadgenen Semdegi gantolebis amonaxsnebs
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n (C.2.32)

kerZod
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     22
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12
12 21 zzLzH n
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n


  (C.2.34)

uitekeris funqciis asimptoturi formula didi z -ebisTvis

(   zarg ) moicema formuliT

    12 1 
 zOzezW k

z

k (C.2.35)
am Tavis bolos movitanoT damtkicebis gareSe zogierTi

integralis mniSvnelobebi, rodesac integralqveSa funqcia aris
gadagvarebuli Hhipergeometriuli funqcia

a)     ;,,1,1,,
0

1


 





 


 


kFdzkzFzeJ z (C.2.36)

(C.2.36) integralis krebadobisaTvis aucilebelia moviTxovoT,

rom kReRe;1Re   .

b)   
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 (C.2.37)

advili saCvenebelia, rom
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1 ;,;, dzzkFkzFzeJ z  (C.2.39)

aqac SeiZleba Cveneba, rom
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  ,,, (C.2.40)

roca ...2,1,0;  nn (an ...2,1,0;  nn ), maSin (C.2.40) gamosaxuleba
SeiZleba miyvanil iqnas Semdeg saxemde
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(C.2.41)

C.3. beselisa da eiris funqciebi.

beselis funqciebi warmoadgenen beselis gantolebis

011
2

2

2

2









 p

pp J
z
p

dz
dJ
zdz

Jd
(C.3.1)

amonaxsnebs. am gantolebis erT-erTi kerZo amonaxsni
ganisazRvreba Semdegi mwkriviT
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kpk
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pkk
zJ (C.3.2)

da ewodeba p rigis pirveli gvaris beselis funqcia. Tu

p aramTeli ricxvia, maSin  zJ p da  zJ p wrfivad

damoukidebelia amonaxsnebia. am SemTxvevaSi (C.3.1) gantolebis
zogadi amonaxsnia

   zBJzAJzJ pp  )( (C.3.3)
sadac A da B nebismieri mudmivebia.
beselis funqcia dakavSirebulia gadagvarebul

hipergeometriul funqciasTan Semdegi TanafardobiT

    





 









  izppFez
p

zJ iz
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p 2;21,
2
1

21
1 (C.3.4)

Tu np  mTeli ricxvia, maSin  zJ n da  zJ n amonaxsnebi

erTmaneTTan ase arian dakavSirebuli

     zJzJ n
n

n 1 (C.3.5)
didi z -Tvis  zJ p funqcias Semdegi asimptoturi yofaqceva

gaaCnia
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42
cos2 zOpz

z
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z
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(C.3.6)

Tu p aramTeli ricxvia, maSin (C.3.1) gantolebis erT-erT
amonaxsnad iReben p rigis neimanis funqcias (anu beselis meore
gvaris funqcias)

     


p

zJpzJ
zN pp

p sin
cos  (C.3.7)

 zN p neimanis da  zJ p beselis funqciebi aseve warmoadgenen

(C.3.1) gantolebis or damoukidebel amonaxsns.
(C.3.1) gantolebis or damoukidebel amonaxsnad aseve ixilaven

hankelis pirveli da meore gvaris funqciebs (anu beselis mesame
gvaris funqciebs)
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p
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p sin
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21 

 



 (C.3.8)

ama Tu im funqciis (C.3.1) gantolebis damoukidebel
amonaxsnad arCevas gansazRvravs am funqciebis yofaqceva
argumentis didi mniSvnelobebisaTvis. didi z -Tvis hankelis
funqciebs Semdegi asimptoturi yofaqceva gaaCniaT
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(C.3.9)
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(C.3.10)
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beselis funqciebi, romelTa indeqsi mTeli ricxvis naxevaria,
elementarul funqciebSi gamoisaxebian. ase magaliTad,
nebismieri mTeli l -Tvis
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z
zdz
dzzzJ

l
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sin212/1 

(C.3.11)
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l
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cos2

2/1 
(C.3.12)

Cveulebriv (C.3.11) da (C.3.12) funqciebis nacvlad iyeneben
Semdeg sferul beselis funqciebs
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z
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l
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 (C.3.13)
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1  (C.3.14)

Tu  zJ p aris (C.3.1) beselis gantolebis amonaxsni, maSin  izJ p
aris Semdegi gantolebis amonaxsni

011
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z
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Id (C.3.15)

am gantolebis amonaxsns Semdegi mwkrivis saxiT irCeven
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(C.3.16)

 zI p funqcias ewodeba beselis pirveli gvaris

modificirebuli funqcia. Tu p aramTeli ricxvia, maSin  zI p da

 zI p wrfivad damoukidebelia amonaxsnebia, romelTa

saSualebiT (C.3.15) gantolebis zogadi amonaxsni. Tu np 
mTeli ricxvia, maSin

   zIzI pp  (C.3.17)
pirveli gvaris beselis modificirebuli funqcia

dakavSirebulia gadagvarebul hipergeometriul funqciasTan
Semdegi TanafardobiT
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1 (C.3.18)

xSirad (C.3.15) gantolebis meore damoukidebel amonaxsnad
aramTeli p -Tvis ganixilaven Semdeg funqcias

     



p
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zK pp
p sin2


  (C.3.19)

romelsac makdonadis funqcia anu meore gvaris beselis
modificirebuli funqcia ewodeba. am funqcias Semdegi yofaqceva
aqvs z -Tvis da 0z -Tvis

     0;1
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1  
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zK z

z
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 (C.3.20)



162

  0;1

0




z
z

zK
z
p (C.3.21)

beselis funqciebTan dakavSirebulia e.w.  zAi eiris funqciebi,
romlebic warmoadgenen Semdegi diferencialuri gantolebis
amonaxsnebs

0 zWW (C.3.22)
gvaqvs Semdegi kavSiri eiris da beselis funqciebs Soris
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1 zJzJzzAi (C.3.24)

xolo misi warmoebulisaTvis gvaqvs formula
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eiris funqcias argumentis didi mniSvnelobebisaTvis Semdegi
yofaqceva aqvs
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(C.3.26)

C.4. leJandris polinomebi.

leJandris polinomebi  coslP ase ganimartebian
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 (C.4.1)

isini akmayofileben Semdeg gantolebas
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(C.4.2)

leJandris mikavSirebuli polinomebi ase ganimartebian
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an ekvivalenturi formiT
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amasTan lm ,...,1,0 . leJandris mikavSirebuli polinomebi
akmayofileben Semdeg gantolebas
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leJandris polinomebi da leJandris mikavSirebuli
polinomebi akmayofileben Semdeg orTonormirebis pirobebs
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sadac
cosu (C.4.8)

leJandris polinomebi da leJandris mikavSirebuli
polinomebi akmayofileben Semdeg rekurentul Tanafardobebs

         uuPlulPuPl lll 121 11   (C.4.9)
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leJandris polinomebis da leJandris mikavSirebuli
polinomebis kerZo mniSvnelobebi

     lll PP 11;11  (C.4.13)
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leJandris polinomebis pirveli xuTi mniSvneloba
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C.5. hipergeometriuli funqcia

hipergeometriuli funqcia ganimarteba Semdegi mwkriviT, roca

1z

     
  ...

!21
11

!1
1;,,
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zzzF





 (C.5.1)

zemoT ganxiluli gadagvarebuli hipergeometriuli funqcia
(C.2.1) miiReba (C.5.1) hipergeometriuli funqciidan Semdegi
zRvruli gadasvliT

  









 




zFzF ,,,lim;, (C.5.2)

unda AaRiniSnos, rom literaturaSi xSirad hipergeometriuli

funqcias aRniSnaven asec  zF ;,,12  , xolo gadagvarebul

hipergeometriul funqcias ki SemoaqvT aRniSvna  zF ;,11  . am

aRniSvnebSi F asos marcniv da marjvniv indeqsebi saTanadod
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miuTiTeben parametrebis ricxvs (C.5.1) da (C.2.1) gaSlebis
mricxvelSi da mniSvnelSi.
hipergeometriuli funqcia warmoadgens erT-erT kerZo

amonaxsns Semdegi meore rigis diferencialuri gantolebisa

     011  uuzuzz  (C.5.3)

 da  parametrebi nebismieria  zF ;,,  funqciaSi, xolo

,...2,1,0  . cxadia, rom  zF ;,,  funqcia simetriulia  da 
parametrebis mimarT.

(C.5.3) gantolebis meore kerZo amonaxsnia

 zFzu ,2,1,11    (C.5.4)
romelsac gaaCnia gansakuTrebuli 0z wertili.
hipergeometriuli funqciisaTvis samarTliania Semdegi

Tanafardobani

     zFzzF ;,,1;,,     (C.5.5)
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(C.5.8)

SevniSnoT, rom (C.5.8) formula, romelic akavSirebs z da z/1 -s ,

gamosaxavs  zF ;,,  funqcias mwkrivis saxiT, romelic ikribeba

1z -Tvis anu warmoadgens sawyisi (C.5.1) mwkrivis analizur

gagrZelebas. Tu (an ...2,1,0;  nn ), maSin hipergeometriuli

funqcia dadis n rigis polinomze da SeiZleba warmodgenil
iqnas Semdegi saxiT
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(C.5.9)

es polinomebi mamravlis sizustiT emTxvevian iakobis
polinomebs, romlebic Semdegnairad arian ganmartebuli
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0 ba -Tvis iakobis polinomebi emTxvevian leJandris

polinomebs, 0n -Tvis ki   1,
0 baP
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D.miaxloebiTi gamoTvlis formulebi

Tu ,1x maSin pirvel miaxloebaSi samarTliania Semdegi
miaxloebiTi formulebi:

1) x
x

1
1
1



;  2)   xx 211 2  ; 3)   xx 311 3  ; 4) xx

2
111  ;

5) xx
3
1113  ; 6) ;

2
11

1
1 x
x




7) 22

2
111 xx  ;

8) 2
2 2

11
1
1 x
x




; 9)   xx 1ln ; 10) x
x
x 2

1
1ln 



E. energiis erTeulebi

erTeule
bi

ergi jouli Kkvat.saa
Ti

kalori
a

ev mae

ergi 1 710 141078,2  81038,2  111024,6  2107,6 

jouli 710 1 71078,2  239,0 181024,6  91070,6 

kvat.saaT
i

13106,3  6106,3  1 51060,8  251025,2  161041,2 

kaloria 71018,4  185,4 61016,1  1 191061,2  161080,2 

Eeletro
n-volti
(ev)

121060,1  191060,1  261045,4  201083,3  1 91007,1 

Mmasis
atomuri
erTeuli
(mae)

31049,1  101049,1  171014,4  111056,3  81031,9  1

F
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F. ZiriTadi fizikuri mudmivebi

1 sinaTlis
siCqare
vakuumSi

810998,2 c m/wm

2 Ggravitaciuli
mudmiva

111067,6  m3/kg.sm2

3 Aavogadros
ricxvi

2310023,6 AN mol-1

4 Eeleqtronis
muxti

19106,1 e kuloni

5 Eeleqtronis
masa

2710911,0 em g 511,0 mev 410486,5  mae

6 Pprotonis masa 2410673,1 pm g 28,938 mev 007,1 mae

7 Pplankis
mudmiva

2710625,6 h ergi.wm

8 ridbergis
mudmiva

usasrulo
masis birTvis

mqone
atomisaTvis

31,109737R sm-1

9 ridbergis
mudmiva

wyalbadisaTvis

576,109677HR sm-1

10 Bboris pirveli
orbitis
radiusi

8
1 10529,0 r sm

11 wyalbadis
atomis

ionizaciis
energia

56,130 I ev

12 Kkomptonis
talRis sigrZe
eleqtronisaTv

is

1010426,2 c sm

13 Eeleqtronis
klasikuri
radiusi

131082,2 er sm

14 Nnazi
struqturis

mudmiva
036,137
1



15 Bboris
magnetoni

2010927,0 B ergi/gausi 2310927,0  jouli/t

esla
16 birTvuli

magnetoni

2410051,5 N ergi/gausi 2710051,5  jouli/t

esla
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17 Mmagnituri
momenti

Aa)eleqtronis

b)protonis

g) neitronis

d) deitronis

Aa) Be  00116,1

b) Np  7928,2

g) Nn  913,1

d) N 8574,0
18 Ggiromagnituri

mamravli
Aa)eleqtronis

b)protonis

g) neitronis

d) deitronis

a) 0022,2eg

b) 5855,5pg

g) 8263,3ng

d) 8574,0g
19 Eeleqtruli

mudmiva

11
0 10885,0  f/m

2
0

magnituri
mudmiva

6
0 10257,1  henri//n

21 erTi
eleqtronvolt
is Sesabamisi
rxevis sixSire

141041804,2  herci

2
2

erTi
eleqtronvolt
is Sesabamisi
temperatura

9,4604 kelvini
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G. oratomiani molekulis mudmivebi

moleku
la

ZiriTa
di

Termi

birTve
bs

Soris
manZili

rxevis
sixSir

e
1410, w

m-1

Aanharmoniul
oba

310, x

Ddisociaci
is energia
D , ev

2H 1 74,1 8,279 28,5 4,48

2N 1 109,4 4,445 6,15 7,37

2O 3 120,7 2,977 7,65 5,08

2F 1 128,2 2,147 8,51 1,6

2P 1 189,4 1,47 3,59 5,03

2S 3 188,9 1,367 3,93 4,4

2Cl 1 198,8 1,064 7,09 2,48

2Br 1 228,3 0,609 3,31 1,97

2I 1 266,6 0,404 2,84 1,54

HHHF 1 91,7 7,796 21,8 5,8

HCl 1 127,5 5,632 17,4 4,43

HBr 1 141,3 4,991 17,1 3,75

HI 1 160,4 4,350 17,2 3,06

CO 1 112,8 4,088 6,22 9,7

NO 2 115 3,590 7,55 5,29

OH 2 97,1 7,036 22,2 4,35



169

literatura

1. D.J. Griffits. ’’Introduction to Quantum Mechanics’’. Second Edition.
Pearson Education International. New Jersey (USA). 2005.
2. W. Greiner. ’’Quantum Mechanics’’. Fourth Edition. Springer. 2001.
3. G.L.Squires. ’’Problems in quantum mechanics’’. Cambridge. University
Press. 2002.
4. Y.Peleg, R.Pnini, E. Zaarur. ’’Theory and problems of Quantum Mechanics’’.
Schaum’s Outline Series. McGRAW-HILL. New York. 1998.
5. F.Constantinescu, E.Magyari. ’’Problems in Quantum Mechanics’’. Pergamon
Press. Oxford. 1971.
6. i.vaSakiZe, v. mamasaxlisovi, g. WilaSvili. ’’kvanturi meqanika’’.
Tbilisis universitetis gamomcemloba 1978.

7. В. М. Галицкий. ’’Задачи по квантовой механике’’. 3 -е  издание.
Едиториал Москва. Часть I. 2001.
8. В. М. Галицкий, Б. М. Карнаков, В. И. Коган. ’’Задачи по квантовой
механике’’. ’’Наука’’. Москва. 1981.
9. Л. Д. Ландау, Е. М. Лифшиц. Курс теоретической физики т III.
Квантовая механика. 6 -е  издание. ФИЗМАТЛИТ. Москва. 2004.
10. Л. Д.Ландау, Е. М. Лифшиц. Квантовая механика. ОГИЗ. Москва. 1948.
11. П. И. Елютин, В. Д. Кривченков. ’’Квантовая механика с задачами’’
ФИЗМАТЛИТ. Москва. 2000.
12. П. С. Парфенов. ’’Квантовая механика’’. ИТМО. Санкт-Петербург. 2012.
13. Т. И. Оришич. Филиппова Л. Г. ’’Сборник задач с решениями по
квантовой физике’’. Новосибирский Университет. 1991.
14. И. И. Гольдман, В. Д. Кривченков. ’’Сборник задач по квантовой
механике’’. ГИТТЛ Москва. 1957.
15. И. Е. Иродов. ’Задачи по квантовой механике’’. ’’Высшая школа’’. Москва.
1991.
16. И. Е. Иродов. ’’Квантовая физика. Основные законы’’. том 5.ЛитРес.
Москва. 2001.
17. Л. Г. Гречко и др. ’’Сборник задач по теоретической физике’’. 2 -е  издание
Высшая школа’’. Москва. 1984.
18. З. Флюгге. ’’Задачи по квантовой механике’’. том 5. ’’Мир’’. Москва. 1991.
19. Мин Чен. ’’Задачи по физике с решениями''. ’’Мир’’. Москва. 1978.


